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Abstract
In the con text of the de sign of dig i tal fil ters many re search has been done to fa cil i tate
their com pu ta tion. The Pascal ma trix re cently de fined in (Biolkova and Biolek,
1999) has proved its util ity in this field. In this pa per we sum ma rize the di rect
trans form from the lowpass con tin u ous-time trans fer func tion H(s) to the dis -
crete-time H(z) of the fol low ing main tree types of dig i tal fil ters: lowpass, highpass
and bandpass. An al ter na tive rep re sen ta tion of the orig i nal bandpass Pascal ma trix
is de vel oped in this pa per that per mits to con vert sys tem at i cally the lowpass
continuous-time pro to type to the dis crete-time bandpass trans fer func tion. We also
con sider the in verse trans for ma tion from the dis crete-time do main to the con tin u -
ous one and we show that the in verse trans for ma tion is eas ily ob tained as the de ter -
mi nant of the sys tem need not to be com puted. Sev eral nu mer i cal ex am ples il lus -
trate the prac ti cal uti li za tion of this tech nique.

Key words: Fil ter de sign, s-z trans for ma tion, Pascal ma trix, dig i tal fil ter de sign tools.

Resumen
En el contexto del diseño de filtros digitales se ha desarrollado mucha
investigación para facilitar su cálculo. La matriz de Pascal definida re-
cientemente (Biolkova and Biolek, 1999) ha probado su utilidad en este campo. 
En este artículo se hace una síntesis de la transformación directa a partir de la
función de transferencia pasa-bajas en tiempo continuo H(s) para obtener la de 
tiempo discreto H(z) de cada uno de los tres tipos principales de filtros
digitales: pasa-bajas, pasa-altas y pasa-banda. También se desarrolla una
representación alternativa de la matriz de Pascal pasa-banda orig inal, que
permite la conversión sistemática de un prototipo pasa-bajas en tiempo
continuo a la función de transferencia pasa-banda en tiempo discreto. Adi-
cionalmente se considera la transformación inversa a partir del dominio de
tiempo discreto, al de tiempo continuo y se demuestra que esta trans-
formación inversa es fácil de calcular, dado que no es necesario obtener el
determinante del sistema. Varios ejemplos numéricos ilustran la utilización
práctica de esta técnica.

Descriptores:  Diseño de filtros, transformaciones s-z, matriz de Pascal,
herramientas para el diseño de filtros digitales.
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Intro duc tion

A large number of procedures are available
for designing digital filters (Parks and
Burrus, 1987); (Antoniou, 1993). Many of
them transform a given analog filter into an
equivalent digital filter. The digital filter
design process begins with the synthesis or
specification of the filter transfer function. A
signal x(t) presented to a filter characterized
by its impulse response h(t) produces an
output y(t)  given by the convolution y(t)=x(t)
*h(t) or, if using the continuous-time trans-
forms of the signals, by Y(s)=X(s)H(s).  Then
the continuous-time circuit of a filter is
completely described by the transfer fun-
ction:

H s A A s A s A s
B B s B s B s

m
m

m
m( ) ...

...
= + + + +

+ + + +
0 1 2

2

0 1 2
2          (1)

From this equation the vectors A and B
representing respectively the coefficients of
the numerator and denominator can be
defined as:

A A A A Am= ( , , , ... , )0 1 2

(2)
B B B B Bm= ( , , , ... , )0 1 2

where, A i and Bi  are real coefficients.

In the discrete-time domain the z
transforms of the signals are used, and a
digital filter is characterized by the transfer
function:

   H z
a a z a z a z
b b z b z b

n
n

n
( )

...
...

=
+ + + +

+ + + +

− − −

− −
0 1

1
2

2

0 1
1

2
2 z n−

      (3)

With real coefficients a i  and b i .

The problem of the systematic conversion
from the continuous-time prototype transfer
function H(s) to its discrete-time version H(z)

is addressed in this paper considering three
types of conversions: lowpass-to-lowpass, low-
pass-to-highpass and lowpass-to-bandpass. The
original Pascal matrix (Biolkova and Biolek,
1999) is used to achieve this systematization,
and an alternative representation of the ori-
ginal Pascal matrix is developed in this paper
to rich the lowpass-to-bandpass conversion.

The remainder of this paper is organized
as follows. Section II describes the lowpass-
to-lowpass  conversion. Section III adapts the
previous development to the lowpass-to-
highpass case. Section IV main contribution of
this paper, develops an alternative represen-
tation of the original bandpass Pascal matrix
which allows the lowpass-to-bandpass con-
version. Section V presents the inverse
conversion from the discrete-time domain to
the continuous-time. In Section VI we give
examples to illustrate all the cases.

Lowpass-to-lowpass Transformation

For lowpass filters the digital transfer
function H(z)  can be obtained from the
continuous-time prototype (1) using the
bilinear s-z transformation (Parks and
Burrus, 1987):

s cz
z

=
−
+

1
1

(4)

where

c
f
fs

= co t
π 1 (5)

and the constants f1  and f s  represent the
lowpass corner and sampling frequencies,
respectively.

From the transfer function (3), we define
the vectors a and b  whose elements are
respectively the coefficients of the numerator
and denominator (Klein, 1976):
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a a a a a n= ( , , , . .. , )0 1 2

(6)
b b b b bn= ( , , ,.. . , )0 1 2

In order to express the numerator vectors 
a  in terms of A and denominator vectors b  in
terms of B, we replace the variable s in (1) by
(4) then comparing the numerators and the
denominators of the resulting transfer func-
tions in z, we can identify the coefficients by
equating the coefficients of the like powers in z.

Thus, for n=2  and m=2 we obtain the
following expression:

H z a a z a z
b b z b z

( ) = + +
+ +

=
− −

− −
0 1

1
2

2

0 1
1

2
2

=
+ + + − +

+ + + −

−

−

A A c A c z A A c
B B c B c z B B

0 1 2
2 1

0 2
2

0 1 2
2 1

0

2 2
2 2

( )
( 2

2c )
+

      (7)

+ − +
+ − +

−

−

z A A c A c
z B B c c

2
0 1 2

2

2
0 1 2

2
( )
( )B

From the numerators the coefficients, a i ,
i=0,1,2  are easily identified and re-written in
acquire the following matrix equation

a
a
a

A
A c

A c

0

1

2

0

1

2
2

1 1 1
2 0 2
1 1 1

















= −
−

















×
















           (8)

In a similar manner, a matrix equation can
be obtained for the coefficients, b i ,i=0,1,2 of the
denominator vector b.

Using a more compact representation both 
equations can be written as follows:

   a P ALP
n

= ×
( )

'
(9)

   b P BLP
n

= ×
( )

'

where P L P
n( )

 is the lowpass Pascal matrix
defined in (PÒeniÑka et al., 2002) and the
vectors A B', '  are represented by

A A A c A c A cm
m' ( , , , ... , )= 0 1 2

2

(10)
B B B c B c B cm

m' ( , , , ..., )= 0 1 2
2

As demonstrated in (PÒeniÑka et al., 2002)
the computation of the PLP

n( )
 matrix can be

done in a systematic form. For this we
consider the classical Pascal Triangle

(11)

Obs
erve, that the coefficients of base n=2 create
the last column in the lowpass Pascal matrix of 
(8) with the exception of the elements in the
even rows which have negative values. We
have concluded that the lowpass Pascal matrix
can be formed by taking into account the
following rules (Biolkova and Biolek, 1999);
(Pham and Psenicka, 1985).

- In the first row of the Pascal
matrix all the elements must be equal to
one.

- The elements of the last column
can be computed using:

        P n
n i ii n

i
, ( ) !

( )!( )!+
−= −

− + −
1

11
1 1

             (12)

where

i=1,2,. . .,n+1

 Vol.VIII No.3 -julio-septiembre- 2007 199

B. PÒeniÑka, F. García-Ugalde and V.F. Ruiz

515101051

414641
31331
2121

111
01

=

=
=
=

=
=

n

n
n
n

n
n

DOI: http://dx.doi.org/10.22201/fi.25940732e.2007.08n3.016

http://dx.doi.org/10.22201/fi.25940732e.2007.08n3.016


The remaining elements Pi j,  of the lowpass
Pascal matrix can be determined using the
following equation:

P P P Pi j i j i j i j, , , ,= + +− − + +1 1 1 1

where

i n n= +2 34 1, , , ... , ,
(13)

j n n n= − −, , , ... , ,1 2 2 1

Without lost of generality, using letters of
the alphabet in the order shown below we
can identify the elements of the lowpass Pascal 
matrix for n=4:

a b c d e
j i h g f

k
l
p

= = = = =

= −
=

= −
=









1 1 1 1 1
4

6
4
1

? ? ? ?
? ? ? ?
? ? ? ?
















     (14)

where the elements denoted g, h, i, and j can
be obtained using the next set of equations:

g d e f h c d g= + + = − = + + =2 0;
(15)

i b c h j a b i= + + = = + + =2 4;

Then the lowpass Pascal matrix for the
particular case of n=4 is finally given by:

         PL P
( )4

1 1 1 1 1
4 2 0 2 4
6 0 2 0 6
4 2 0 2 4
1 1 1 1 1

=
− −

−

− −
− −























         (16)

Lowpass-to-highpass
Transformation

In this second case, in order to transform the
lowpass transfer function to the discrete

highpass transfer function H(z), we substitute 
the variable s by 1/s in (4). Thus,

s k z
z

= +
−

1
1

with 

 k
f
f

c

s

= tan π
(17)

where fc  represents the cut-off frequency of
the highpass and f s the sampling frequency.
Following the same process, substituting (17)
into (1) and comparing the numerator with
(3) for n=3 and m=3, we can obtain:

a a z a z a z0 1
1

2
2

3
3+ + +− − − =

A A k A k A k0 1 2
2

3
3+ + + +

+ − − + + +−z A A k A k A k1
0 1 2

2
3

33 3( )     (18)

+ − − + +
−z A A k A k A k2

0 1 2
2

3
33 3( )

+ − + − +
−z A A k A k A k3

0 1 2
2

3
3( )

Again, equating the coefficients of the like
powers in z , we obtain the following matrix
equation

a
a
a

0

1

2

1 1 1 1
3 1 1 3

3 1 1 3
1 1 1 1

















=
− −

− −
− −



















×



















A
A k

A k
A k

0

1

2
2

3
3

       (19)

This equation can be written in the
compact form

 a P AHP= ×
( )

''
3  (20)

where P HP
( )3

 is a variant of a Pascal matrix
which corresponds to the highpass filter in
which the first row elements are all equal to
one, and the elements of the first column can
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be obtained using (12). The remaining ele-
ments Pi j,  can be determined using the
following expression (PÒeniÑka et al., 2002):

P P P Pi j i j i j i j, , , ,= + +− − − −1 1 1 1

Where i n= +2 3 1, , ... ,                           (21)      

j n= +2 3 1, , .. . ,

A similar development can be done for the 
denominator vector b .

Lowpass-to-bandpass
Transformation

The latest case considered in this paper
shows how to obtain a discrete bandpass
filter (Konopacki, 2005) characterized by the
discrete-time transfer function H(z)

   H z a a z a z a z
b b z b z b

n
n

n

( ) ...
...

=
+ + + +
+ + + +

− − −

− −
0 1

1
2

2

0 1
1

2
2 z n−     (22)

which also has real coefficients ai  and bi . As
previously this transfer function can be
obtained from the continuous one (1) by s-z
transformation. The bandpass filter can be
seen as a superposition of a lowpass filter and 
a highpass filter (Rabiner and Gold, 1975).
Thus, the s-z transformation that applies is
(Bose, 1985):

s c z
z

kz
z

= −
+

+ +
−

1
1

1
1

                                                                    (23)
where     c f

f
k f

fs s

= = −cot( ) tan( )π π1 1         

f1  and f−1  represent the upper and lower
frequencies of the bandpass filter respec-
tively, and fs  the sampling frequency.

In a similar manner from (22), we define
the coefficient vectors a   and b:

a a a a a n( , , , . .. , )0 1 2
                                                                    (24)

b b b b b n( , , , ... , )0 1 2

In order to obtain the coefficients a i  and b i

( , , ... , )i n= 0 1  knowing the continuous time
representation vectors A and B , we must first
substitute (23) into (1) then compare the
numerator and denominator of the resulting
transfer function with the corresponding
ones in (22).

For example without lost of generalization 
we take m=1 in (1), due to the high order
terms appearing in the transformation (23), a 
n=2 must taken in (22) resulting in:

H z Az
Bz

a a z a z
b b z b z

( ) ( )
( )

= =
+ +
+ +

=
− −

− −
0 1

1
2

2

0 1
1

2
2

     A A c A k z A k A c
B B c B k z B k B c
0 1 1

1
1 1

0 1 1
1

1 1

2 2
2 2

+ + + − +
+ + + −

−

−
( )
( ) +

      (25)

+ − + +

+ − + +

−

−

z A A c A k
z B B c B k

2
0 1 1

2
0 1 1

( )
( )

and the following matrix equation:

                
a
a
a

A c
A
A k

0

1

2

1

0

1

1 1 1
2 0 2

1 1 1

















−
−

















×
















               (26)

A similar equation is obtained for the
denominator vector b. Both equations can be
represented in the following compact form:

a P ABP
n

= × '''
                                                                    (27)

b P BBP
n

= × ' ''

where P BP
n

 is the so called bandpass Pascal
matrix. This matrix transforms the norma-
lized lowpass to bandpass transfer function.
We have named this matrix the bandpass
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Pascal matrix (Psenicka and García-Ugalde,
2004) because the matrices of all orders have
in the first column the coefficients of the base
of a Pascal triangle (11) with the exception of
elements in even rows, which have negative
signs. In this example the vectors A'' '  and B'' '

are represented respectively by

A A c A A k' ' ' ( , , )= 1 0 1

(28)

B B c B B k' ' ' ( , , )= 1 0 1

In order to achieve an alternative repre-
sentation of the original bandpass Pascal
matrix, without lost of generality let us
consider the case of order m=2 and again
because of the high order terms appearing in
the transformation (23), a n=4 must taken.
The matrix representation of a P ABP

n
= × '''   is

given by

a
a
a
a
a

0

1

2

3

4

1 1 1 1 1 1
4 2 0 2 4 0

6 0 2 0 6 2























=
− −

− −

−4 2 0 2 4 0
1 1 1 1 1 1

2

2
2

1

0

1

2
2−

− −























×

A c
A c
A
A k

A k
A2ck

























(29)

Note from this latest example that the
matrix is rectangular and it will be the
general case in a lowpass-to-bandpass trans-
formation for values of m=2 or higher. In
order to use the same rules as in the previous
section for the lowpass-to-highpass transfor-
mation (which always has a square matrix)
we decompose this rectangular matrix into
the concatenation of two matrices as shown
in the following equation

P S RBP
n

BP
n

BP
n





= 





(30)

In this equation the matrix S BP
n

 is square and
its computation is exactly the same as that
used in the lowpass-to-highpass  transforma-
tion, which means: all the terms in the first
column can be obtained using (12) and the
remaining elements S ij  can be established
using the following expression (PÒeni Ñka et
al., 2002):

S S S Sij i j i j i j= + +− − − −, , ,1 1 1 1

Where i n= +2 3 1, ,. .. , (31)

j n= +2 3 1, ,... ,

On the other hand the matrix R BP
n

 in (30) is
rectangular with n+1 rows. A priori the
number of columns has to be computed by
counting the number of elements different to
1 included in the upper triangle from base m
of the Pascal triangle (11). To illustrate these
values we summarize in table 1 the number
of columns col of matrix RBP

n
 for different m

and n parameter values.

Table 1. Number of columns col in the matrix 
RBP

n

m n col

2 4 1

3 6 3
4 8 6

Once the elements of matrix SB P
n

 are
known the columns of R BP

n
 can be derived

directly. Let us consider the case m =2, the
lonely column of RB P

n
 is equal to the central

column of  SB P
n

 (PÒeniÑka and García-Ugalde,
2004). In this paper we call this column the
pivot because for m=2 there is only one
element different to 1 in the upper triangle
from base m in the Pascal triangle and its
position corresponds to a central position in
the triangle. For m=3, as shown in table 1,
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there are three columns in R B P
n

, one is also the
pivot because again it is equal to the central
column of S BP

n
 and the two others are the

columns on the right of the pivot and on the
left of it. Also the reason is because for m=3
there are three elements different to one in
the upper trian- gle from base m and their
positions corres- pond to a central position in
the triangle plus its nearest neighbors (right
and left). To illustrate the previous structure
we show the resulting P BP

n
 matrix for vector a

and pa- rameters m=3, n=6.

a
a
a
a
a
a
a

0

1

2

3

4

5

6

1 1 1 1 1 1 1 1 1 1
6 4



























=

− − −2 0 2 4 6 0 2 2
15 5 1 3 1 5 15 3 1 1
20 0 4 0 4 0 20 0 4 4
15 5 1 3

−
− − − − − −

− − −
− − −1 5 15 3 1 1

6 4 2 0 2 4 6 0 2 2
1 1 1 1 1 1 1 1 1 1

− − −

− − − −
− − − −

























×












A c

A c
A c
A
A k

A k
A k

A ck
A ck

A c k

3
3

2
2

1

0

1

2
2

3
3

2

3
2

3
2

2
3

3





























(32)

A similar expression can be obtained for
vector b.

Inverse Trans for ma tion from H(z)
to H(s)

The inverse Pascal matrix is defined by the 
following equation (Klein, 1976):

 P Pn n n
− −= ×

1
2 (33)

In all cases using the inverse Pascal matrix
the continuous-time transfer function H(s)
can be obtained from the transfer matrix of
the discrete-time structure H(z) . The advan-
tage of using this equation is that to compute
the inverse Pascal matrix the determinant of
the system is not necessary.

For example consider the lowpass case, let
H(z)  be the transfer function of the discrete
structure that works at the corner frequency 
f Hz1 3400= [ ] and sampling frequency 
f Hzs = 16000 [ ].

       H z z z
z z

( ) . . .
. .

=
+ +

− +

− −

− −

0 227 0 454 0 227
1 0 276 0185

1 2

1 2        (34)

First it is necessary to calculate the cons-
tant c of the bilinear transform (1):

 c = 





 =cot .

π 3400
16000

126849             (35)

Then the transfer function coefficients of
the analog circuit will be calculated as
follows:

A
A c

A c

0

1

2
2

1
4

1 1 1
2 0 2
1 1 1

0 227
0

















= −

−

















.

.454
0 227

0227
00
00.

.

.

.

















=
















     (36)

B
B c
B c

0

1

2
2

1
4

1 1 1
2 0 2
1 1 1

1
0276

















= −
−

















− .
0185

0227
0407
0365.

.

.

.

















=
















   (37)

and

A A A0 1 20227 00 00= = =. . .

B B B0 1 20 227 0 321 0227= = =. . .
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The transfer function of the corresponding
analog filter is the Butterworth transfer
function of the second order:

H s
s s

( ) .
. . .

=
+ +

=
0 227

0 227 0 321 02272

=
+ +

1
1 4142 12s s.

Numer ical Exam ples

In these examples we shall transform a
lowpass transfer function H(s)  to lowpass
and highpass transfer functions H(z)  using
the features specified by:

c k f Hzs= = =1 8000, [ ],
(38)

H s s
s s s

( ) .
. . . .

=
+

+ + +

2

3 2
5153

0929 2781 4 344 5153

Trans for ma tion LP-to-LP from s to 
the z domain

The transfer function coefficients a bi i, ,  for
i=0,1,2,3 can then be obtained using the
equations:

a
a
a
a

0

1

2

3

1 1 1 1
3 1 1 3
3 1 1 3
1 1 1 1



















=
− −

− −
− −



















×



















=

A
A c

A c
A c

0

1

2
2

3
3

(39)

=
− −

− −

− −



















×

1 1 1 1
3 1 1 3
3 1 1 3
1 1 1 1

5153
0 0
1 0
0 0

.
.
.
.



















b
b
b
b

0

1

2

3

1 1 1 1
3 1 1 3
3 1 1 3
1 1 1 1



















=
− −

− −
− −



















×



















=

B
B c

B c
B c

0

1

2
2

3
3

(40)

=
− −

− −

− −



















×

1 1 1 1
3 1 1 3
3 1 1 3
1 1 1 1

5153
4 344
2 78

.

.

. 1
0929.



















given

a a a a0 1 2 36153 14 459 14 459 6153= = = =. , . , . , .

b b b b0 1 2 313 207 14 235 11121 2 661= = = =. , . , . , .

The transfer function H(z) takes the form

H z( ) =

=
+ + +

+ +

− − −

−

0 4658 1 0948 10948 04658
1 10778 0

1 2 3

1

. . . .
.

z z z
z . .842 0 20152 3z z− −+

  (41)

For this equation the corresponding mag-
nitude and phase frequency responses of the
digital lowpass filter are shown in Figure 1.
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Trans for ma tion LP-to-HP from s to the
z domain

Using the Pascal matrix PH P
( )3

 we can trans-
form the lowpass transfer function (38) to the
highpass transfer function H(z) using the
following equations:

a
a
a
a

0

1

2

3

1 1 1 1
3 1 1 3

3 1 1 3
1 1 1 1



















= − −
− −

− −



















×



















A
A k
A k

A k

0

1

2
2

3
3

=

(42)

=
− −

− −
− −



















×

1 1 1 1
3 1 1 3
3 1 1 3
1 1 1 1

5153
0 0
1 0
0 0

.
.
.
.



















b
b
b
b

0

1

2

3

1 1 1 1
3 1 1 3

3 1 1 3
1 1 1 1



















=
− −

− −

− −



















×



















B
B k
B k

B k

0

1

2
2

3
3

(43)

= − −
− −

− −



















×

1 1 1 1
3 1 1 3

3 1 1 3
1 1 1 1

5153
4 344
2 78

.

.

. 1
0 929.



















The coefficients of the highpass transfer
function are:

a a0 16153 14 459= = −. , .

a a2 314 459 6153= =. , .

b b0 113 207 14 235= = −. , .
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Figure 1. Magni tude and phase frequency responses of the lowpass filter
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b b2 311121 2 661= =−. , .

and the highpass transfer function is given by 
(44). The magnitude and phase frequency
responses of the digital highpass filter are
shown in Figure 2.

H z( ) =
(44)

=
− + −

− +

− − −

−
0 4658 10948 10948 0 4658

1 1 0778 0

1 2 3

1
. . . .

.
z z z

z . .842 0 20152 3z z− −−

Trans for ma tion LP-to-BP from s to the z 
domain

In this example we transform a Butterworth
lowpass transfer function H(s) to a bandpass
transfer function H(z) using the features
specified by:

f Hz f Hz1 13000 1000= =−[ ], [ ]

f Hzs = 8000[ ] (45)

H s
s s

( ) =
+ +

1
2 12

In order to transform the lowpass analog
function (45) into the digital bandpass
function, we must first determine the transfer 
function coefficients a b1 1,  for i = 0 1 4, ,... ,
which can be obtained using the matrix
equations for current values:

c = 

 


 =co t .

π 3000
8000

04142

k = 







 =tan .

π1000
8000

04142

206 Ingeniería Investigación y Tecnología, ISSN 2594-0732 

Prac tical Design of Digital Filters Using the Pascal Matrix

Figure 2. Magni tude and phase frequency responses of the highpass filter
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a
a
a
a
a

0

1

2

3

4

1 1 1 1 1 1
4 2 0 2 4 0

6 0 2 0 6 2























=
− −

− −

−4 2 0 2 4 0
1 1 1 1 1 1

2

2
2

1

0

1

2
2−

− −























×

A c
A c
A
A k

A k
A2ck

























=

(46)

=
− −

− −

− −
− −

















1 1 1 1 1 1
4 2 0 2 4 0

6 0 2 0 6 2
4 2 0 2 4 0

1 1 1 1 1 1







×

























= −




















0
0
1
0
0
0

1
0

2
0
1





b
b
b
b
b

0

1

2

3

4

1 1 1 1 1 1
4 2 0 2 4 0

6 0 2 0 6 2























=
− −

− −

−4 2 0 2 4 0
1 1 1 1 1 1

2

2
2

1

0

1

2
2

−
− −























×

B c
B c
B
B k

B k
B2ck

























=

(47)

=
− −

− −

− −
− −

















1 1 1 1 1 1
4 2 0 2 4 0

6 0 2 0 6 2
4 2 0 2 4 0

1 1 1 1 1 1







×




















01716
0 5858
1
0 5858
01716
0 3431

.

.

.

.

.







= −























2 8579
0

0 627
0
0 5147

.

.

.

The transfer function of the bandpass filter 
is given by

H z( ) =
(48)

=
− +

− +

− −

− −

03499 0 6998 0 3499
1 02194 01801

2 4

2 4

. . .
. .

z z
z z

Finally, a more complicated example is pre-
sented, in which the lowpass transfer func-
tion H(s) contains two transfer functions  
H s1 ( ) and H s2 ( )  and is transformed into the
whole system bandpass transfer function H(z)
for f Hz f Hz f Hzs1 13000 1000 8000= = =−[ ], [ ], [ ]

H s H s H s( ) ( ) ( )= × =1 2
(49)

0123
03497

02897
0 0492 0 2492

2

2
.
.

.
. .s

s
s s+

×
+

+ +

In order to transform the lowpass analog
function (49) into the digital bandpass
function, we proceed the s-z transformation
for each of these two transfer functions, we
must first establish the coefficients a bi i, , for 
i = 0 1 2, ,  for the first function H z1 ( ) and then
the coefficients a bi i, , for i =0 1 2, , , ... ,4  for the
second one H z2 ( ). This computation can be
obtained using the matrix equations pre-
viously defined for current values:

c = 

 


 =co t .π 3000

8000
04142

k = 







 =tan .π1000

8000
04142

a
a
a

A c
A
A k

0

1

2

1

0

1

1 1 1
2 0 2

1 1 1

















= −
−

















×
















=

(50)

= −
−

















×
















=
−

1 1 1
2 0 2

1 1 1

0
0123
0

0 123
0

0
.

.

.123
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b
b
b

B c
B
B k

0

1

2

1

0

1

1 1 1
2 0 2

1 1 1

















= −

−

















×
















=

(51)

= −

−

















×















1 1 1
2 0 2

1 1 1

0 4142
0 3497
0 4142

.

.

. 

=
















11781
0
04787

.

.

a
a
a
a
a

0

1

2

3

4

1 1 1 1 1 1
4 2 0 2 4 0

6 0 2 0 6 2























=
− −

− −

−4 2 0 2 4 0
1 1 1 1 1 1

2

2
2

1

0

1

2
2−

− −























×

A c
A c
A
A k
A k

A2ck

























=

=

− −

− −
− −

− −

















1 1 1 1 1 1
4 2 0 2 4 0

6 0 2 0 6 2
4 2 0 2 4 0

1 1 1 1 1 1







×

























0 1716
0
0 2897
0
0 1716
0 3431

.

.

.

.

=

=























0976
0
07936
0
0976

.

.

.

 (52)

b
b
b
b
b

0

1

2

3

4

1 1 1 1 1 1
4 2 0 2 4 0

6 0 2 0 6 2























=
− −

− −
−4 2 0 2 4 0
1 1 1 1 1 1

2

2
2

1

0

1

2
2

−
− −























×

B c
B c
B
B k

B k
B2ck

























=

=
− −

− −
− −

− −

















1 1 1 1 1 1
4 2 0 2 4 0

6 0 2 0 6 2
4 2 0 2 4 0

1 1 1 1 1 1







×












01716
00204
02492
00204
01716
03431

.

.

.

.

.

.













=

=























0 9763
0
0 8746
0
0 8946

.

.

.

(53)

The whole system transfer function in z  of
the bandpass filter is given in (54) and the
corresponding magnitude and phase fre-
quency responses are shown in Figure 3.

H z H z H z( ) ( ) ( )= × =1 2

=
−
+

×
−

−
0 123 0 123

11781 0 4787

2

2
. .

. .
z
z

               (54)

× + +
+ +

− −

− −
0976 07936 0 976

0 9763 08746 0 8946

2 4

2
. . .

. . .
z z
z z 4
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Conclu sions

The Pascal matrix is very useful in the context 
of the design of digital filters. Transforma-
tions can easily be done from the analog
prototype lowpass transfer function H(s)  to
the discrete transfer function H(z) to obtain
one of the main three types of digital filters:
lowpass, highpass and bandpass. The inverse 
transformation from discrete to analog is
very easy to achieve as well because we do
not need to compute the determinant of the
system. In this paper we have summarized all 
types of direct transformations and illustrate
their use with several numerical examples.
An alternative representation of the original
bandpass Pascal matrix has been presented
for the systematic computation of the bandpass
Pascal matrix.
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