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Abstract
A very simple algorithm fo r  the design o f a second-order state-space digital fü ter has been developed. 
The design equations presented heve were derived on the condition that the sensitivity o f  the coefficients 
in the state-space digital fü ter (SDF) are spread uniformly to all coefficients o f the SDF. The design algo­
rithm has been shown to provide SDF realizations having a mínimum output roundoff noise while 
preserving low coefficient sensitivity.

Keywords: Filter Design, Filter Structures, State-Space Filters

Resumen
Se ha desarrollado un algoritmo muy simple para el diseño de filtros digitales de estado-espacio de segundo 
orden. Las ecuaciones de diseño que se presentan a continuación, se derivan bajo la condición de que la 
sensibilidad de los coeficientes en éstos filtros digitales (SDF) se distribuyen uniformemente en todos los 
coeficientes de los filtros, el algoritmo de diseño se muestra para dar a las actividades de SDF una mínima 
salida de ruido aleatorio, preservando la sensibilidad de los bajos coeficientes.

Descriptores: diseño de filtros, estructuras de filtros, filtros de estado-espacio.

I n tr o d u c t io n

State-space structures of digital filters play an im portant 
role in the digital filter theory. Knowledge of filter coeffi­
c ie n ts  y ie lds an  im m ed ia te  d ire c t  form  re a liz a tio n . 
H ow ever, such  a re a liz a t io n  can  p ro d u ce  in accu racy  
w hich is g rea te r  th a n  in  o th e r  rea liza tio n s . SDFs have 
m ore co m p lic a te d  s tru c tre  an d  m ore c o e ff ic ie n ts  in 
com parison to d irect form structures, but the m ain advan- 
tage is a lower roudoff noise sensitivity.

In this paper is presented an original algorithm of SDF design
V V  V  V  V  V(Psenicka et al., 1998), (Psenicka et al, 1991) and (Psenicka and 

Zadák, 1991) based on a sensitivity analysis of zeros and poles of 
the second-order transfer function of the SDF.

T he synthesis problem  for fixed-poin t digital filters is 
more than  just the specification  of a transfer function  or 
some equ ivalen t descrip tion . T he synthesis problem  is to 
determ ine filter s tru c tu re  w hich minimize effects due to 
finite word leng th  arith m etic . T he synthesis is triv ial by 
the absence of finite word length  effects.

Finite word length  effects may be devided in to two catego- 
ries. C oeffecien t q u an tiza tio n  has the effect a lte ring  the 
freq u en cy  resp on se  (Jackson , 1970), (Liu, 1971). T his 
effect will no t be considered here. The second category are 
e ffec ts  due to q u a n tiz a tio n  of a r i th m e tic  o p p e ra tio n s , 
roundoff of the results of a m ultip lication  (Bose and Brown, 
1990), (Liu, 1971) (Mills et ai.,1981) overflow of in te rna l 
storage registers by sum m ation (Lecler and Bauer, 1992), 
(Jackson, 1970), (Liu, 1971).

T he im pulse response of a stable tim e-in varian t linear 
recursive digital filter asym ptotically approaches the zero 
valué. However, accum ulator overflow and m ultip lication 
rounding  in tro d u ce  n o n lin ea ritie s  th a t resu lt in creating  
lim it cycles. O verflow  lim it cycles have  gen era lly  large 
am plitude but, fortunately, it is possible to elim inate them. 
Limit cycles resulting from nonlinearities in troduced due to 
m ultip lication rounding have relatively smaller valúes, but 
they canno t be elim inated so easily. This lim it cycles have 
been studied for digital filters using fixed-point arithm etic

Ingeniería Investigación y Tecnología, ISSN 2594-0732, II.4, 149-157, 
2001 (artículo arbitrado)
DOI: http://dx.doi.org/10.22201/fi.25940732e.2001.02n4.016

http://dx.doi.org/10.22201/fi.25940732e.2001.02n4.016


150 Design and Aplications o f State-Space Digital Filters

(Jackson and Hill, 1970), (Bose and Brown, 1990), (Mullís 
and Roberts, 1976). H(z) = B0 +

(B| -BpA, )z~' +(B2 - B 0A 2 )z~2 
l+ A ,z - '+ A  2z~2 (6)

S y n th e s is  o f  D ig i ta l  S ta te -S p a c e  F ilter

T he N -th  o rder single in p u t/o u tp u t D igital S ta te  Space 
Filter (SDF) can be described by o equations

u («+ l)= A u  (n)+ B.y («)

y  {n)=Cu (« )+ Dx (n) (1)

where u (n) is the N dim ensional vector of State variables, 
x(n) is an input sequence, y(n) is an ou tpu t sequence and 
the s ta te -m a trix es  A, B, C y D co n ta in  the  filte r  coeffi- 
c ien ts . T he  m a trix  A re p re se n ts  a system  m atrix  of the  
dim ensión Nx N. The associa ted  system  function  H(z) is 
given by

x(n)

H (?) = D + C (?I-A ) - 'B 

where I is the identity  m atrix.

(2)

S e c o n d  O rd er  S ta te -S p a c e  S tru c tu re

T he recursive second-order SDF can be described by the 
S ta t e  m atrices A,B, C and D

, l ana n 1 _  Í M
~La 2ia 22 J 1>2J

C = [c ,c 2] D =  [d] (3)

The equation  (1) for the second-order State filter can be 
writen in the form

|~u(n+l)l [aua u i r u ,( n ) l  fb, ]
[_w(n+2)J [aua 12 J U 2(rl)J+Lí’ 2 J* U

K ( n ) l
^(n) = [C'C2]U 2(n)J+dx(n) (4)

T he  se c o n d -o rd e r  SDF s tru c tu re  d e r iv e d  from  the  
s ta te -e q u a tio n s  (4) is show n in Fig. la .  T he  com m on 
system function  of the second order canonic digital filter 
(CDF) Fig. Ib is given by

H(z) = B0 +B,?~' +B2? 2 
1 + A ,? '1 + A 2 z~2 (5)

Figure 1. State-space f i l te r  and second-order direct 
canonical structure

Substituting m atrices (3) in the equation  (2) can imply the 
system function H(z) of SDF in the form

H(z) = d +
a ,? " 1 + a 2?"2 

l + P ,?-l + p 2^ 2 (7)

where constan tsand are expressed as:

a  i = b,c, + b2c2
a 2 = b iC2a2l + b2c ¡a¡2—b iCia22—b2c2au
Pi = ~(a jj +a22) = - trA
P2 ~ (ai ia22~a)2a2¡) —det A

Symbols trA  and detA  denote the trace and the deter- 
m in a n t of a system  m a tr ix  A, re sp ec tiv e ly . C om paring  
H(z) of the equations (6) y (7) we get five equations for the 
co m p u ta tio n  of n ine  s ta te -sp ace  filte r coeffic ien ts. The 
n ex t necessary  eq u a tio n s  follow, for exam ple from  the 
relations for sensitivities of zeros and poles of transferor equivalently
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functions to the  filte r  co e ffic ien ts , as it was derived  in 
(Bomar and Joseph, 1987) and (Jackson and Hill, 1970). As 
e q u a tio n s  (6) an d  (7) are e x p e c te d  to be eq u a l th e  
following equations have to hold for the system function of 
the second order

B0 — d

B, =b,c, +b2c2-d e tA

B2 =  d.detA +  b,c2a 2i +  ̂ 2cia 2 i_ í, ic ia 22_ t|2c2a i i

A, = - trA

A 2 = detA
The relations betw een coefficients of state-space filters 

(7) and coefficien ts of d irec t canon ica l s tru c tu re  (6) for
v v

a,, = a22 , c¡i2 — - a2 i: c2 = ~b2 and b,=c¡ are given in (Psenicka 
et al., 1998) by the following equations:

always be ob ta ined  from an unscaled one by applying the 
transform ations (Bomar, 1989).

A ’ = T 1A T
B ’ =  T  >B
C ’ = T TC
D ’ = D  (12)

where A ’, B ’, C ’ and D ’ are the s ta te  m atrices of the new 
(sca led ) re a liz a t io n , an d  T  is a n o n s in g u la r  d iago na l 
(scaling transform ation) m atrix of the form

T  =K ,
Lo

0 1 
1 n J (13)

The diagonal elem ents t n and t22 are given by the Lp 
norms of the transfer functions (14) and (15), respectively, 
where the transfer function F¡(z) from the ith state variable 
node takes the valué of (14)

d = B0 F ,(0  =
b¡Z~'+(a¡2b 2 - a 22b¡ )z~2

an = a 22 = -A , /  2 1-trAz  1 +detAz 2

a¡2 = ~a2l T 4
and (15)

= -fc2

l 1 S F2(z) = b2Z~' +(a2ib l - a nb2)z~2
C2

V 2
(10) 1-trAtt’1 +detAz~2

c, =b. ii + O

(14)

(15)

a  = B ,-B 0A,
P = b 2 - b 0a 2

(P + a  an )2 
4a n

A n o th e r  re la tio n s  b e tw een  c o e ffic ien ts  of SDF and
11“ a22< a 12— ~a2h t
d OCQII

«n —a 22 =-A ,
a a

14iifii

a = B,- Aj
p = b 2 - B 0 A 2
Y = (a„ ct + P + v/
<h = fo2 = #
C2 =b i = a / .

(11)

T he set of eq u a tio n s  (10) and  (11) re p re se n t algo- 
rithms for the synthesis of unscaled second order real coef- 
f ic ien t SDFs. W h en  re q u ire d , a sca led  re a liz a tio n  can

x(n)

Figure 2. a)F ilter o f  the second order 
(direct realization from II)

for the first and second sta te  variable node, respectively. 
In fact, the valué of p = 2 is usually applied to the design
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of b road 'b and  D F’s, while the valué o fp  =  °o has proved 
to be appropriate w hen narrow -band DFs are synthesized.

It can be shown th a t the scaling constrain ts (12) when 
appropria te ly  h an d led , place two ad d itio n a l co n stra in ts  
upon th e  SDF co e ffic ien ts , thus leav in g  two degrees of 
freedom for further (scaled) design.

For example, the constraining requirem ents

a21 = 0
c2 =  0 (16)

lead to the design of the canonical (though scaled) struc- 
ture in Fig. 2. A nother exam ple, characterized by (Jackson 
et al., 1979) equations (18)

keep in g  th e  re c e n t a fo re m e n tio n e d  d ev e lo p m en ts  by 
Sm ith et al. (1992) in view, the scaling (12) is not essen- 
tial, when floating-point arithm etic  is going to be applied 
to the SDF im plem entation. T hen, an unscaled realization 
o b ta in ed  th ro u g h  (11) can  be d irec tly  used w ith ou t any 
d e g ra d a tio n  of th e  m ín im um  o u tp u t  ro u n d o ff  noíse 
property.

M oreover, consider the roo t stability condition for the 
second order S D F 's

IkJb1 <2l>
In (Mills et ai. 1981) a condition  for a second order 

SDF re a liz a tio n  w ith o u t lim it cycles has been  derived  
taking the form of the inequality

a22 — a n
b¡c,=  b2c2 (17) °1,2 <1 (2 2)

gives as result the design of low noise, fixed-point, second 
order state-space structures.

S tra ig h tfo rw a rd  design  q u a tio n s  for lo w -ro u n d o ff- 
no ise  s ta te -s p a c e  s tr u c tu r e  hav e  b e e n  p u b lish e d  in 
(Bomar, 1985). Am ong the algorithm s (10) and (11), the 
design  eqs. (11) d eserv e  sp e c ia l a t t e n t io n  due to  th e  
following:

C o n sid er th e  design  c o n s tra in ts  (17) y ie ld ing  th e  
sy n th esis  o f m ín im um  ro u n d o ff  n o ise  sca led  S D F ’s. 
F ro m (l 1), in dub itab le  the  follow ing equ ations ho ld  for 
this unscaled-case

a \ \  =  a n

b lc l =  b2c2 (18)

It is easy to see, from (13) and (12), th a t

a’u = a n 
a\ i  =  ¿hz 
b \=  b¡ /  tu 
b 2= b2 / t22
c i=  c i c 11
c 2~ c2t22 (19)

By the way of substitu ting  (19) in to (18)

a ’u ~ a\ i
b \ c \ = b ' 2c' 2 (20)

Therefore, the algorithm  (11), developed on the basis 
of a SDF co e ff ic ie n t s e n s itiv ity  analysis, yields (a fte r 
scaling) the design equations for the synthesis of mínimum 
ro u n d o ff  no ise  seco n d  o rd e r  sca led  SDFs. H ow ever,

Because of (21) and (18) or (20), th is in equ a lity  is 
always satisfied by the coefficients of a stable SDF struc- 
ture com puted using the algorithm  (11).

As an exam ple we shall realize th e  State space digital 
no tch  filter of sixth order having the transfer function

1—0.125581039^ 1 + ? 'z
HU) ~ 1-0.064723164?“' + 0.98157085? “2

1-0.125581039?“' + ? “2x ---------------------------- 21----- ------------  (23)1-0.121635794?“' +0.938155107?-2

1-0.125581039?“' +?~z
X 1-0.184000618?“' + 0.9815 7085? “2

Using the set of equations (10), the valúes of the State
space digital filters in the cascade form are

fc>21=-0.249 fc>22= -0 -184 í>23=-0.049
bn = - 0.033 b12= -0 .1 7 3  f>13= -0 .2 4 7  
d ^ l .0 0 0 0  d2 = 1.0000 d3=1.0000 
a lu = 0.0323 a 112 =  0.0608 a u3 =  0.0920 
a 12i= 0 .9902  a 122 = 0.9666 a 123 =  0.9 8 6 4 
a 2 ii = -0 .9 9 0  a212 =  -0 .967  a213 =  -0 .986  
a221 = 0.0323 a222 =  0.0608 a223 = 0.0 9 2 0 
c21 =0.2489 c22 =  0.1841 c23 = 0.0489

S ta te  d ig ita l filte rs  in  can o n ic  form  Fig. 3 have been 
im plem ented w ith the signal processors TM S320C25. By 
means of the sim ulator we have obtained the samples of the 
impulse response and from the 40 samples via FFT, we have 
get the result th a t is p resented  in figure 4.
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Figure 3. Six order Notch sta te-space fi l te r  
in casacade fo rm

Magnitude response

Frequency[Hz]
Phase response

Impulse response

In this section we shall derive the state-space structure of 
the th ird  order filter. T he State m atrices of the third order 
state-space filter take the form

D esign of n-order State-Space Filter

D = d C= rc, C, C;J

b, au a i2 a ,3

B = b2 A = a 2l a 2I a 23

b3. -a 31 a 32 a 33 -

By the way of substitu tion  of (24) in (25) we obtain the 
state-flow rnatrix (26)

N , = D -I C
z - 'B 0 z 'A - I

i (25)

N („5> =

d

.z -%

- 1 C 1 C 2 C 3

0 - l  + a u z~' a a z~' a l3z~'
0 au z~l - l + a 22z~' a 23z 1
0 a3lz~' a 32z~l —  1 +a

(26)

To expand  the state-flow  rnatrix  (26) w hich con tains 
five colum n? and  four rows in  th e  rna trix  (28) w ith  six 
columns and five rows, we use the equation (27).

(27)

If we cho ose  th e  e lem en ts  of th e  new  rna trix  N <6), 
n 26> = n 46> = n 56> =  0 > th en  the first, th ird  and fourth  rows in 
the new rnatrix N <6) rem ain unchanged.

N <6> =
d -1 C1 C 2 C3 0 1

n <6),l31 n <6)7132
(6)

n 33 n (6)“ 34 n <6)“ 35 < !
z - % 0 a u z~' - 1+a22^‘ «23^' 0 ¡
z ' b3 0 a 3¡z~' a 32^_l 1_a 33 ̂  ‘ 0
. C n l6)o2 (6) 

77 63
(6)

n 64
(6)

n 65 n (6)L66 J

(28)

T he e lem en ts of the rn a tr ix (28),
. (6) ' n 62>' n 63>’n 64)>n 65)’n 66> a n d n 36* can  be chosen  and the36

, ( 6 ) ( 6 ) (6 )
132 l33

( 6 )
34

1 (6)r e m a i n i n g  e l e m e n t s  n'3I ,n  
obtained by means of the equation  (27). If we choose

,(6)
'26 = 0 n(6)n 46 = 0 II O (6)

n 62
(6)
66 = - l (6)

n 65 = a i3

tTii£ (6)
n 63

(6)
36

-1= z (6)
n 61 = bl

= 0 
=a,

Figure 4. Frequency response o f  the State digital f i lter
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then  the elem ents of the new m atrix take the form
(6)
31 =  n (5)7t31 - n (6)n (6)7136 n 61 II A? i3

"'" =  0
(6)
32 =  n (5)n 3l - n (6)n (6)7136 7162 II O 1 Aí 0 =  0
(6)
33 z=n(5) L 33

(6) (6) 
“ n 36 n 63 —  —  l+6lj -i -i

i* = - l
(6) (5) (6) (6) -1 -i =  034 =  7134 ~ n 36 n 64 =  * a n ~ Z a n

(6) (5) (6) (6) -i -i =  0'35 =  n 35 7̂ 36 n 65 =  * a \3 -Z  a,3

and we can write now the m atrix N <6)

Second canonic form of the state-space digital filter can be 
o b ta in e d  from  th e  s tru c tu re  in th e  Fig.5, chan g in g  the 
sum ato rs to nodes, the  nodes to  sum ato rs , the  in p u t to 
ou tpu t and the directions of the m ultipliers.

I m p le m e n ta t io n  o f  th e  S ta te -S p a c e  F i l ter  w ith  
T M S 3 2 0 C 3 0

By m eans of the M ATLAB we can ob ta in  the state-space 
m atrices for elliptic aproxim ation if

N<6> =

r d -1 c. C2 C3 0 1
0 0 -1 0 0 A 1

\z-'b2 0 a 21*"‘ - 1+a22̂ "' a 23?_1 °1 z ' b 3 0 a 3A"‘ anZ - l + a33z~' 0
L bt 0 an ai2 a 13 - U

N = 2, amajr =  0.05dB am¡„ =  20dB
/t =  0.4, f2= 0.6

in the form 
(29)

C =  [0.1620 0.5713 0.1620 0 .5713]
D = 0.2489
BT= [0.3855 0.2716 -0 .3855 -0.2716]

Similarly, we can obtain the m atrix N (7) and N (8). A fter 
a very simple calculation , we can get the signal flow m atrix 
in the form.

N<8> =
r d -1 C1 C2 C3 0 0 0 1
1 0 0 -1 0 0 -1z 0 o 1

0 0 0 -1 0 0 -1z 0
0 0 0 0 -1 0 0 -1

1 b, 0 au a 12 fl13 -1 0 o
j b 2 0 fl21 fl22 fl23 0 -1 o 1
\b } 0 fl31 ^ 32 fl33 0 0 - i j

T he digital filte r s tru c tu re  th a t corresponds to signal 
flow m atrix N (8> is presented in the Fig.5.

-0.5855 -0.2955 0.4195 --0.2955"
0.2955 -0.2082 0.2955 0.7918

-0.4195 0.2955 0.5805 0.2955
-0.2955 -0.7918 -0.2955 0.2082_

ow ing e q u a tio n s th a t  rea lize b

A =

T h e  folie
state-space filter of 4 th  order was program ed for the DSP 
TM S320C30. The structure of the state-space-filter of the 
4 th  order is presented in the figure 6.

N 1 = B 1 .X N  + N 2 .A 1 1 + N 4 -A 1 2 + N 6 .A 1 3  + N 8.A 14  
N3 = B 2.X N  + N 2 .A 2 1 + N 4-A 22+  N 6 .A 23 + N 8 .A 24  
N 5 = B 3 .X N + N 2 .A 3 1 + N4-A32 + N 6.A 33 + N 8.A34  
N 7 = B 4 .X N + N 2.A 4 1  + N 4.A 42 + N 6.A43 + N 8.A44  
Y N = D .X N + N 2 .C 1  + C 2 .N 4+ C 3 .N 6  + C4.N8

Fig. 5. Third order sta te-space fi l te r Fig. 6. State-space f i l te r  o f  the fo u rth  order
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T he m ain program  for the  s ta te -sp ace  filte r described in NI .float 0
th is  p ap e r, so lic it  th e  prog ram s SSFE V M co.asm , N 3 .float 0
in ievm .asm  and SSFEV M 30.cm d. A ll program s th a t are N 5 .float 0
necessary  for m ain  prog ram  can  by asked by th e  e-m ail N7 .float 0
pseboh@ servidor.unam .m x. N9 .float 0

N11 .float 0
.********************************* N13 .float 0
; Main program for the State space N15 .float 0
; filter SSFEVM30 N17 .float 0
; EVALUATION MODULE TMS32 0C3x
.-a-*****-**************************** Nl_ addr .word NI
;The scheme of filter is on Figure (1). N2 .float 0
;The variables in program correspond N 4 .float 0
;the variables on Figure (1). The parts N 6 .float 0
;of filter (blocks) are realised by N 8 .float 0
; subroutines. The subroutines realise N10 .float 0
;the equation (13) N12 .float 0
. ****************************************** NI 4 .float 0

N1 6 .float 0
;assembler: N18 .float 0
;ASM30 SSFEVM30.asm
;ASM30 SSFEVMco.asm N 2_addr .word N 2
;linker:
;LNK30 SSFEVM30.cmd serialp .word 8 0 8 0 4 Oh
real-time processing on EVM: 
EVM30 SSFEVM30.out

-A-***********-*-***-*-*********************
N = 2 Amax = 0.0500 Amin =20
fl = 0.4000 f2 = 0.6000
wn = 0.4000 0.6000
**************************************
Stave Space Filter - band pass (SSF)

N = 2 Amax = 0.05 Amin = 20 fl = 0.4
f2 = 0.6 wn = 0.4 0.6
**************************************

MATLAB
wn= [ f1 f2]
[a,b,c,d]=ellip(N,Amax,Amin,wn)

**************************************

.global _main,inievm,serialp,

.global All_addr,Bl_addr,Cl_addr,D

order_l .set 3
order . float 4
.*******************************
; the file containing filter
; coefficients file SSFcoef.asm
.*******************************

main LDI
CALL
AND
LDF
LDI
FIX

Loop: LSH
IDLE
AND
FLOAT
LDI
LDI
LDI
LDI
LDI
LDF
LDF

Equat:
LDI
RPTB
MPYF3
ADDI

LoopNA ADDF
MPYF3
ADDF
STF
LDF

Sserialp,AR3
inievm
Oh, ST
0, R6
010H,IE
R6, R5
2, R5

Oh, ST
R5 , R0
@All_addr , AR1
@ Bl_addr , AR5
@Nl_addr,AR6
@N2_addr,AR2
0Cl_addr,AR7
@ order,R1
0, R6

order_l,RC
LoopNA
*AR1 + + , *AR2 ++
1, R3

R2 , R6
*AR5++,R0,R4
R4 , R6 
R6,*AR6++
0 , R6

R2

;Matrix N
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; YN

SUBF 1, R1
LDI 0N2 addr,AR2
BNZ Equat

LDF 0 D, R7
MPYF3 R7,R0,R6
LDI order 1,RC
RPTB LoopNC
MPYF3 *AR7 + + , *AR2 + '
! ADDF R2,R6

.lization of N even

LDI order 1,RC
RPTB Actual
LDF *—AR6,R7
STF R7,*—AR2

BRD Loop
FIX R6, R5
NOP
NOP

T he valúes of th e  im pulse  resp on se  o b ta in e d  by che 
spectrum  analyzer are shown in figure 7 and are iden tical 
with the impulse response obtained by the sim ulator and by 
the MATLAB (Fig. 8).

Fig. 7. Im pulse response obtained by spectrum  analyzer

Fig. 8. Impulse response obta ined by the sim ulator  
and the MATLAB

C o n c lu s ió n

The state-space DF’s are special structures of digital filters 
w ith lower sensitiv ity  to ro u n d o ff effects by fixed-poin t 
im plem entation in com parison to canonical direct form II. 
T he  S D F ’s have  a low er s e n s itiv ity  to c o e ffic ien t 
qu an tiza tio n  in  com parison to C D F ’s. T he probability of 
occurrence of zero-input lim it cycles by rounding is lower 
as in  the case of d irec t form . U n fo rtu n a te ly , if the lim it 
cycle occurs its am plitude can be higher (two times maxi- 
mally), com pared to d irect form realization. Digital filters 
w ith minimum norm  have asym ptotically stable realization 
for overflow  o sc illa tio n s  and  for m agn itu de  tru n c a tio n  
lim it cycles. The disadvantage of SDF’s is a higher number 
of m ultipliers, 9 coefficients are necessary against 5 coeffi- 
cients of DSF structure.
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