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Abstract

Low-flow char ac ter is tics are required to solve several water-engi neering prob lems.

In this paper, the Mixed Gumbel and the Two Compo nent Extreme Value distri bu -

tions are presented toward their appli ca tions in low-flow frequency anal ysis. A

region in southern Mexico, with 39 gauging stations was selected to analyze the

lowest 1 day flows. Addi tion ally, in order to calcu late the stream design flow (7Q10)

for water quality stan dards down stream of the Hydro elec tric project La Parota, the

lowest 7 day average flows were used. Results produced by fitting the mixed distri -

bu tion were compared with those obtained by the Weibull-3, Gumbel, Lognormal-3 

and General Extreme Value distri bu tions. Results suggest that mixed distri bu -

tions  are  a  suit able  option  to  be  consid ered  when  analyzing  minimum  flows.

Keywords: Minimum flow frequency anal ysis, maximum like li hood, heter o ge -

neous samples, water quality.

Resumen

En mu chos de los pro ble mas de in ge nie ría del agua se re quie re co no cer las ca rac te rís ti cas

de los flu jos mí ni mos. En el ar tícu lo se pre sen ta la apli ca ción de las dis tri bu cio nes Gum bel 

Mix ta y de Va lo res Extre mos de Dos Com po nen tes en el aná li sis de fre cuen cias de gas tos

mí ni mos. Una re gión lo ca li za da en el su res te de Mé xi co, con un to tal de 39 es ta cio nes de

afo ros, fue se lec cio na da pa ra ana li zar los gas tos mí ni mos anua les con du ra ción de un día. 

Adi cio nal men te se uti li za ron los gas tos mí ni mos anua les pro me dio de sie te días con se cu ti -

vos con el fin de ob te ner el gas to de di se ño (7Q10) pa ra cum plir con los es tán da res de ca li -

dad hí dri ca aguas aba jo del pro yec to hi droe léc tri co La Pa ro ta. Los even tos es ti ma dos por

las dis tri bu cio nes mez cla das fue ron com pa ra dos con aque llos ob te ni dos por las dis tri bu -

cio nes Wei bull-3, Gum bel, Log nor mal-3 y Ge ne ral de Va lo res Extre mos. Los resultados

sugieren que las distribuciones mezcladas son una opción adecuada a ser considerada en

el análisis de flujos mínimos.

Des cip to res:  Aná li sis de fre cuen cias de flu jos mí ni mos, má xi ma ve ro si mi li tud, mues tras 

he te ro gé neas, ca li dad del agua.

Intro duction

Low-flow is the flow of water in a stream during
prolonged dry weather. By contrast, a drought is a
natural event that results from an extended period
of below average precipitation. While droughts

include low-flows, a continuous seasonal low-flow
event is not necessarily a drought. A summary about
the status of low-flow hydrology can be found in
Smakhtin (2001) and Pyrce (2004).

Quan ti les of an nual low-flow are com monly used
as de sign flows on which to ba se the de sign of

http://dx.doi.org/10.22201/fi.25940732e.2009.10n3.023
mailto:caes@servidor.unam.mx


struc tu res such as was te wa ter-treat ment plants or for
des cri bing the ca pa bi lity of a stream to supply re qui re -
ments for the re gu la tion of flu vial trans port, wa ter
supply, hydro po wer, li quid was te dis po sal, irri ga tion
systems, or as ses sing the im pact of pro lon ged droughts
on aqua tic ecosy stems. 

For ins tan ce, when as ses sing the sui ta ble con di tions 
for aqua tic li fe, a hydro lo gi cally-ba sed de sign flow
(EPA, 2006) is com pu ted using the sin gle lo west flow
event from each year of re cord and then exa mi ning the -
se flows for a se ries of years. When a suf fi ciently long
dis char ge re cord is avai la ble at a ri ver si te, low-flow sta -
tis tics, such as the lo west 7 day ave ra ge flow that oc -
curs on ave ra ge on ce every 10 years (7Q10), can be ob tai -
ned through the use of pro ba bi lity dis tri bu tions. By
con trast, the bio lo gi cally-ba sed de sign flows (EPA,
2006) use du ra tions and fre quen cies spe ci fied in wa ter
qua lity cri te ria for in di vi dual po llu tants and who le ef -
fluents; they can be ba sed on the avai la ble bio lo gi cal,
eco lo gi cal and to xi co lo gi cal in for ma tion con cer ning the 
stres ses that aqua tic or ga nisms, ecosy stems, and their
uses can to le ra te. 

This met hod is em pi ri cal, not sta tis ti cal, be cau se it
deals with the ac tual flow re cord it self, not with a sta -
tis ti cal dis tri bu tion in ten ded to des cri be the flow re -
cord. The bio lo gi cally-ba sed de fi ni tion al so re cog ni zes
that drought im po ses se ve re stress on aqua tic or ga -
nisms, whet her po llu tants are present or not.

Low-flows typi cally ag gra va te the ef fects of wa ter
po llu tion. Du ring a low flow event, the re is less wa ter
avai la ble to di lu te ef fluent loa dings, re sul ting in hig her
in-stream con cen tra tion of po llu tants. Aqua tic li fe cri -
te ria are ex pres sed in terms of the in ten sity of con cen -
tra tion, du ra tion of ave ra ging pe riod, and ave ra ge fre -
quency of allo wed ex cur sions, which are de fi ned as any
flow lo wer than the de sign flow. Two con cen tra tions,
a con ti nuous (CC) and a ma xi mum (MC) are used to
pro tect aqua tic li fe from chro nic and acu te ef fects, res -
pec ti vely. From a hydro lo gi cal point of view, EPA
(2006) re com mends the use of the 1Q10  flow as the de -
sign flow for the MC and the 7Q10 as the design flow for 
the CC.

Exten si ve li te ra tu re is avai la ble on the ap pli ca tion of 
pro ba bi lity dis tri bu tions for pre dic tion of flood fre -
quen cies, whi le the num ber of stu dies re por ted on fre -
quency of low flow is rat her li mi ted. The mo dest in te -
rest in fin ding the most ap pro pria te dis tri bu tion of low
flow is due to the re la ti vely short re turn pe riods used in 
low flow design (less than 50 years). 

Gum bel (1958) dis cus sed the use of the 3-pa ra me ter
Wei bull  dis tri bu tion (W3) for fit ting low flows:

f x x x( ) [ / ][( ) / ] exp{ [( ) / ] }= - - --a b g b g ba a1 ,
(1)

x ³ > > - ¥ < < ¥0 0 0; ; ;a b g ,

whe re a, b and g are the sha pe, sca le and lo ca tion
pa ra me ters. 

The Gum bel dis tri bu tion (EV1) is com monly used
for low flow fre quency analy sis (Al-Mas hi da ni et al.,
1980):

f x x( ) ( / ) exp{ [( ) / ]}= - -1 a w a
(2)

exp exp{ [( ) / ]}á- - - ñw ax ,

whe re w and a are the lo ca tion and sca le pa ra me ters. 
This dis tri bu tion is not boun ded in the lo wer or

upper tail. The sma llest va lues of the EV1 dis tri bu tion
ha ve a high pro ba bi lity of ne ga ti ve values. 

Chow (1964) pro vi ded a theo re ti cal jus ti fi ca tion for
the use of the 3-pa ra me ter Log nor mal dis tri bu tion
(LN3) in low flow analysis:
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whe re  x o , m y  and sy  are the lo ca tion, sca le and sha pe
pa ra me ters. This dis tri bu tion is not boun ded in the lo -
wer or upper tail. 

Kroll and Vo gel (2002) used L-mo ments dia grams to 
exa mi ne 1505 gau ged ri ver si tes in the Uni ted Sta tes,
and re com men ded the LN3 dis tri bu tion for des cri bing
low stream flow sta tis tics at no in ter mit tent (pe ren nial)
si tes.

The Ge ne ral Extre me Va lue dis tri bu tion (GEV) has
been wi dely used in flood fre quency and less in
low-flow fre quency analy sis (Ray nal, 1987):

f x x( ) ( / ){ [ ( ) / ] exp/= - - -
-

1 1 1

1
1

a b w a }b b

(4)
{ [ ( ) / ] }/- - -1 1b w a bx ,

If b<0 then -¥ < < -x w a b/  and if b >0 then 
w a b- < < ¥/ x .
whe re a, b and w are the sca le, sha pe and lo ca tion
pa ra me ters. 

Onoz and Ba ya zit (1999) exa mi ned the fit of va -
rious pro ba bi lity dis tri bu tions to low flows at Eu ro -
pean ri vers, and re com men ded the GEV distribution.

Pear son (1995) analy zed 1 day an nual mi ni mum
stream flows at over 500 ri ver si tes in New Zea land,
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con clu ding that no sin gle 2- or 3-pa ra me ter dis tri bu tion 
pro vi ded a su pe rior fit. Sa me con clu sions we re re por ted 
by Kroll and Vo gel (2002). In or der to achie ve mo re fle -
xi bi lity in mo de ling low flows, two mi xed dis tri bu tions 
with four and fi ve parameters are proposed in this
paper. 

Mixed distri bu tions

The use of a mix tu re of pro ba bi lity dis tri bu tions func -
tions for mo de ling sam ples of da ta co ming from two
po pu la tions has been pro po sed long ti me ago (Mood et
al., 1974):

Pr( ) ( ) ( ) ( ) ( )X x F x pF x p F x£ = = + -
1 2

1 (5)

whe re p is the pro por tion of x in the mix tu re (0 < p <
1), and F(x) is said to be a mix tu re of dis tri bu tions.

Annual low flows are at tri bu ted to a con ti nued de -
ple tion of ba sin wa ter sto ra ge un til the mi ni mum le vel
of dis char ge is at tai ned. 

The an nual low flows of so me ri vers are re la ted en -
ti rely to one pro cess lea ding to wa ter de ple tion (e.g.
eva po ra tion). In ot her ba sins, it may be cau sed by one
pro cess in so me years, and anot her pro cess in ot hers
(e.g. fall low flow due to eva po ra ti ve loss, com bi ned
with spring low due to con ti nen tal drai na ge wit hout
wa ter re ple nish ment from rain) (Way len and Woo,
1987). 

The events from each pro cess form two se pa ra te an -
nual mi ni mum sub po pu la tions can be combined to
follow a distribution that reflects both sub-samples.

If the EV1 dis tri bu tion is used in equa tion 5, the mi -
xed Gum bel dis tri bu tion (EV1MIX) for the mi ni ma is
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,  are the lo ca tion and sca le pa ra -
me ters for the first and se cond po pu la tion. 

The co rres pon ding den sity func tion is
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Pa ra me ters can be com pu ted by the ma xi mum li ke -
lihood pro ce du re:

ln ln ( ; , , , ),L f x pi i
i

n

= >
=

Õ w a w a a
1 1 2 2

1
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whe re L is ca lled the li ke lihood func tion and ln is the
na tu ral lo ga rithm.

Gi ven the com ple xity of the re sul ting li ke lihood
func tion and the par tial de ri va ti ves with res pect to the
pa ra me ters, the cons trai ned mul ti va ria ble Ro sen brock
met hod (Kues ter and Mi ze, 1973) was ap plied to ob tain 
the es ti ma tors of the fi ve pa ra me ters by the di rect
maximization of equation (8).

The Two Com po nent Extre me Va lue dis tri bu tion
for the mi ni ma (TCEVMIN) is ob tai ned by using the
ver sion for the ma xi ma (Ros si et al., 1984) and the
symmetry prin ci ple, Gumbel (1958):
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The pa ra me ters of the TCEVMIN dis tri bu tion can
be es ti ma ted from si te-spe ci fic da ta set by the di rect
ma xi mi za tion of equa tion (11) by using the Ro sen -
brock method.
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Case study

A re gion lo ca ted in sout hern Me xi co with 39 gau ging
sta tions was se lec ted to apply the mi xed dis tri bu tions
to lo west 1 day flows. For each sta tion, mi xed and stan -
dard dis tri bu tions we re fit ted and the best one was
cho sen ac cor ding to the cri te rion of mi ni mum stan dard 
error of fit (SEF), as de fi ned by Ki te (1988):

SEF g h n qj
i

n

= - -
é
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ù
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å ( ) / ( )

/

1 1

2

1

1 2

, (12)

whe re gi; i = 1,..., n are the re cor ded events, hi; i = 1,...,
n are the events com pu ted from the pro ba bi lity dis tri -
bu tion; q is the num ber of pa ra me ters for each dis tri bu -
tion  j, and n is the length of re cord.

Ta ble 1 shows the avai la ble length of re cord and cat -
chments area for each sta tion in the re gion. Equa tions
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(1), (2), (3), (4), (8) and (11) we re used in or der to fit all
sam ples in the re gion. The co rres pon ding SEFj we re

com pu ted and the best dis tri bu tion was se lec ted ac cor -
ding to its mi ni mum value (table 2). 

Table 1.  Some charac te ris tics of the stations whose annual minimum data are analyzed

Lenght Lenght

Station (years) area (km2) Station (years) area (km2)

Achotal 18 2333 la Estrella 18 774

Amapa 17 468 La Junta 18 11878

Amate 14 102 Las Prietas 18 216

A. Cabadas 18 125 Matamba 18 2143

Apoala 18 341 Mazatlan 8 53

Axusco 18 788 Monte Rosa 18 2870

Azueta 18 4656 Otapa 9 64

Bellaco 18 2917 Papaloapan 18 21236

Cabrito 8 48 Pumexcatan 18 821

Camelpo 13 2072 Quiotepec 18 4832

Canton 18 14038 S.J. Evangelista 8 5651

Cuatotolapan 18 7090 Santo Domingo 17 12681

Cuichapa 18 1732 Suchicatlan 13 93

Culebra 13 138 Teopixca 12 27

Dominguillo 18 695 Tepelmeme 18 167

Hamaca 10 30 Tomellin 18 780

Inguirjo 10 21 Tuxtepec 18 15719

Jacatepec 18 1117 Xiquila 18 1078

Lauchapan 18 1478 Zapote 18 633

La Angostura 18 6574

Table 2. Stan dard error of fit in m3/s and selected distri bu tion for each gauging station

Station LN3 EV1 GEV W3 EV1MIX TCEVMIN Desicion

Achotal 3.439 1.478 0.611 1.149 0.821 0.495 TCEVMIN

Amapa 0.258 0.178 0.040 0.018 0.058 0.087 W3

Amate 0.086 0.087 0.025 0.037 0.038 0.039 GEV

A. Cabadas 2.876 0.663 0.310 0.482 0.270 0.323 EV1MIX

Apoala 0.040 0.030 0.010 0.018 0.012 0.008 TCEVMIN

Axusco 0.141 0.008 0.002 0.003 0.003 0.003 GEV

Azueta 6.710 2.514 1.671 2.622 1.835 1.743 GEV
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Table 2. Stan dard error of fit in m3/s and selected distri bu tion for each gauging station (...conti nua tion)

Station LN3 EV1 GEV W3 EV1MIX TCEVMIN Desicion

Bellaco 4.697 2.373 0.899 1.986 1.143 0.831 TCEVMIN

Cabrito 1.595 0.046 0.011 0.019 0.017 0.015 TCEVMIN

Camelpo 0.160 0.016 0.007 0.009 0.012 0.008 GEV

Canton 2.123 1.076 0.957 1.435 0.585 1.645 EV1MIX

Cuatotolapan 7.522 2.227 1.105 2.166 1.102 1.188 EV1MIX

Cuichapa 4.469 1.142 0.607 1.011 0.422 0.541 EV1MIX

Culebra 0.006 0.005 0.002 0.003 0.004 0.006 GEV

Dominguillo 0.197 0.092 0.019 0.039 0.027 0.016 TCEVMIN

Hamaca 0.001 0.001 0.001 0.001 0.001 0.002 W3

Inguirjo 0.002 0.002 0.001 0.001 0.001 0.002 W3

Jacatepec 4.662 2.525 1.096 1.895 0.781 1.119 EV1MIX

Lauchapan 9.033 1.631 0.929 1.576 0.639 1.094 EV1MIX

La Angostura 0.244 0.216 0.086 0.166 0.099 0.087 GEV

La Estrella 5.200 1.971 0.746 1.308 0.696 0.756 EV1MIX

La Junta 8.098 0.430 0.315 0.454 0.468 0.334 GEV

Las Prietas 0.336 0.126 0.025 0.046 0.049 0.057 GEV

Matamba 5.353 0.350 0.235 0.353 0.122 0.278 EV1MIX

Mazatlan 0.086 0.053 0.020 0.026 0.033 0.028 GEV

Monte Rosa 2.558 1.009 0.580 0.969 0.656 0.664 GEV

Otapa 0.489 0.023 0.012 0.019 0.036 0.030 GEV

Papaloapan 23.31 10.84 9.253 17.16 9.737 14.47 GEV

Pumexcatan 2.164 0.443 0.326 0.489 0.182 0.399 EV1MIX

Quiotepec 3.295 0.271 0.192 0.324 0.222 0.224 GEV

S.J. Evangelista 20.30 10.17 7.120 8.314 9.116 9.324 GEV

Santo Domingo 1.151 0.882 0.412 0.778 0.372 0.498 EV1MIX

Suchicatlan 0.008 0.004 0.001 0.002 0.004 0.005 GEV

Teopixca 0.071 0.124 0.057 0.072 0.075 0.070 GEV

Tepelmeme 0.012 0.016 0.006 0.008 0.009 0.007 GEV

Tomellin 0.012 0.011 0.004 0.006 0.008 0.005 GEV

Tuxtepec 24.26 35.96 16.88 22.54 21.86 22.21 GEV

Xiquila 0.130 0.117 0.049 0.091 0.046 0.062 EV1MIX

Zapote 1.647 1.336 0.695 1.057 0.251 0.758 EV1MIX
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In 2003, the Co mi sión Fe de ral de Elec tri ci dad pro po sed 
the cons truc tion of La Pa ro ta Dam in the sout hern Sta -
te of Gue rre ro, Me xi co. The 180 m and 765-me ga watt
dam lo ca ted in the Pa pa ga yo Ri ver wa ters hed would
flood clo se to 17,000 hec ta res of land. Com mu ni ties
around the si te of the pro ject are con cer ned be cau se of
the ex pec ted chan ges to the ri ver ecosy stem
downstream of the dam. Ma jor los ses in fis he ries could
oc cur all the way downstream of the dam until the
river’s delta at the Pacific Ocean. 

In or der to do an in te gral as sess ment of the en vi ron -
men tal im pact as so cia ted with the hydroe lec tric pro -
ject, it is ne ces sary to ac count with an es ti ma te of the
pos si ble eco lo gi cal flow of the ri ver. Accor ding to the
one of the aqua tic li fe cri te ria pro po sed by the Uni ted
Sta tes Envi ron men tal Pro tec tion Agency (EPA, 2006),
the hydro lo gi cally-ba sed de sign flow 7Q10 is ob tai ned

by using the lo west 7-day ave ra ge flows com pu ted
through the gau ged da ta at sta tion La Pa ro ta (ta ble 3).
The EV1, GEV , W3, and mi xed dis tri bu tions we re used 
to fit the sam ple. The co rres pon ding SEFj and the de -
sign events for dif fe rent re turn pe riods are shown in ta -
ble 4. By con si de ring the cri te rion of the mi ni mum
stan dard error of fit and from an hydro lo gi cal point of
view, the EV1MIX dis tri bu tion was se lec ted, and the
low flow 7Q10 = 10.4 m3/s would be the mi ni mum
condition to maintain the water quality and the
aquatic life downstream of the dam. 

When a short re cord is used, the re is an in crea sed
risk that the low-flow es ti ma te will not pro vi de ade -
qua te pro tec tion of de sig na ted uses. One way to re du ce 
the bias or un cer tainty in the low-flow es ti ma te is to
use a re gio nal da ta set with ob ser va tions from se ve ral
si tes. Mi xed dis tri bu tions can be ea sily used to ob tain
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Table 3. The lowest 7 day average flows in m3/s at gauging station La Parota

year 7Q(m3/s) year 7Q(m3/s) year 7Q(m3/s) year 7Q(m3/s)

1963 19.8 1973 15.3 1983 13.1 1993 18.7

1964 15.1 1974 19.3 1984 14.2 1994 15.0

1965 0.3 1975 19.1 1985 17.1 1995 15.2

1966 19.1 1976 13.0 1986 15.8 1996 9.8

1967 19.0 1977 16.4 1987 3.2 1997 21.1

1968 14.4 1978 15.3 1988 13.4 1998 15.7

1969 17.5 1979 22.3 1989 17.7 1999 11.9

1970 15.4 1980 17.4 1990 21.5

1971 18.9 1981 16.9 1991 9.8

1972 16.5 1982 23.2 1992 21.1

Table 4. At-site design events 7Q in m3/s for diffe rent return periods and the SEFj for the hydroe lec tric project La Parota

Return period Distribution

T (years) EV1 GEV W3 EV1MIX TCEVMIN

2 16.6 15.0 14.9 16.5 15.5

5 12.7 12.1 11.0 12.8 10.4

10 10.0 10.9 9.1 10.4 8.3

20 7.6 10.0 7.6 8.1 6.7

50 4.3 9.2 6.0 5.1 5.0

100 1.9 8.7 5.1 2.9 4.0

SEFj 1.5 2.4 2.0 1.4 3.8
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re gio nal at-si te es ti ma tes of low-flow by using the sta -
tion-year met hod (Cun na ne, 1988). For this pur po se,
the re are two gau ging sta tions ups tream of the sta tion
La Pa ro ta, ca lled El Puen te and Agua Sa la da, who se 7Q
flows we re used to ob tain a re gio nal at-si te quan ti le of
the 7Q10 flows. The best fit was achie ved through the
use of the EV1MIX dis tri bu tion, and the low flow 7Q10

= 11.85 m3/s would be the mi ni mum va lue of the dis -
char ge to maintain the conditions of water quality
downstream of the dam. 

Conclu sions

In both ap pli ca tions the pro po sed mi xed dis tri bu tions
beha ve very well. In the first ca se re sults shown that
the re exists a re duc tion in the stan dard error of fit
when es ti ma ting the quan ti les with mi xed dis tri bu -
tions (EV1MIX, 30% of ca ses and the TCEVMIN, 13%)
in com pa ri son with the GEV (49%), W3 (8%) and
EV1(0%) dis tri bu tions. In the se cond one, the best
hydro lo gi cal de sign event was ob tai ned by using the
EV1MIX dis tri bu tion along with a re gio nal tech ni que
(7Q10 = 11.85 m3/s). It is very im por tant to men tion
that it was not the in ten tion of this pa per to pro po se
the fi nal eco lo gi cal flow for the hydroe lec tric pro ject,
but only to show the hydro lo gi cal ap pli ca tion of mi xed
dis tri bu tion in stu dies of wa ter qua lity. 

Re sults in di ca te that mi xed dis tri bu tions can be
con si de red as an ad di tio nal tool when per for ming
low-flow fre quency analysis.
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