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Abstract

The present work shows a first approximation of the analytical model of the mutual impedance of a transformer with a partial cylin-
drical core considering the effective tensor values of magnetic permeability and electrical conductivity. This first model is based on
the use of constant values to represent the effective relative permeability of the core material of this transformer. The analytical ex-
pressions obtained allow modeling the mutual impedance values for the following cases: filamentary conductor, conductors with a
rectangular cross-section and for a two-coil device.

Keywords: Transformer, PCT, mutual impedance, analitycal formula.

Resumen

El presente trabajo muestra una primera aproximacion del modelo analitico de la impedancia mutua de un transformador de nicleo
parcial cilindrico considerando los valores tensoriales efectivos de la permeabilidad magnética y la conductividad eléctrica. En este
primer modelo se considera que el material del niicleo del transformador posee un valor constante de permeabilidad relativa efecti-
va. Las expresiones analiticas obtenidas permiten modelar los valores impedancia mutua para los siguientes casos: Conductor fila-
mentario, conductores con seccion transversal de forma rectangular y para un dispositivo con dos bobinas.

Descriptores: Transformador, PCT, impedancia mutua, férmula analitica.


https://doi.org/10.22201/fi.25940732e.2023.24.3.017

mailto:jolivares@azc.uam.mx
https://orcid.org/0000-0002-1935-2669
mailto:epr@azc.uam.mx

https://doi.org/10.22201/fi.25940732e.2023.24.3.017

ANALYTICAL FORMULA OF THE MUTUAL IMPEDANCE OF A PARTIAL CORE TRANSFORMER WITH CONDUCTIVE TAPES

INTRODUCTION

The appearance of new technologies and materials has
allowed the development of smaller electrical devices,
without compromising their efficiency (Moradnouri et
al., 2020). A novel alternative is the use of high critical
temperature superconducting materials (HTS) in the
design and construction of electric transformers. The
discovery of such materials has allowed the develop-
ment of smaller transformers with less energy losses
and higher efficiency (Tixador, 2004; Hott, 2004; Rey,
2015). Most of the studies carried out in this field are
mainly focused on the analysis of the full core transfor-
mers (Zueger, 1998; Weber et al., 2005). However, the
amount of ferromagnetic materials in such cores make
the eddy current and hysteresis losses more prominent.
For this reason and considering the appearance of su-
perconducting materials, a new type of transformers
has been proposed, such as the so-called partial core
transformer (PCT). The main characteristics of these
transformers is the presence of only one central core
made of ferromagnetic material and absence of "legs”
at the ends of the core. A schematic representation of a
PCT is shown in Figure 1. The absence of the supports
at the ends of the core in PCT’s makes the magnetic flux
freely continue in the medium surrounding, as shown
in Figure 1. The flux passes through the central core
and returns back through the medium where the mag-
netic reluctance is higher. Therefore, the PCT’s reluc-
tance is higher compared to that of full core transformers
(Lapthorn et al., 2010). Despite the evident advantages
that the use of PCTs implies, very few studies have been
carried out to investigate their performance (Bodger et
al., 2005; Hu et al., 2016).

In this paper, an analytical model for the determina-
tion of the mutual impedance of a partial core transfor-
mer is presented taking into account the tensor of the
core permeability dependent of frequency. The tensor
form of the permeability and its dependence of the fre-
quency is due to the laminated structure of the core.
The model developed can be used to determine the fea-
sibility of designing PCTs with the use of superconduc-
tor tapes in the windings. The presented research
establishes bases for further studies in this field.

MobEL

The geometry of the model is shown in Figure 2, where
a cylindrical laminated core of a radius R is surrounded
by a filament of a radius a located at z, coordinate coun-
ted from the center of the core. The core is considered
sufficiently long so that the effects at the ends of the
core are neglected. The idea of calculating the mutual

impedance is similar to that published in Wilcox et al.
(1988), except for the fact that the laminated structure of
the core results in the anisotropic effective core per-
meability and conductivity. These tensorial parameters
are properly calculated in the next section.
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Figure 1. Partial core transformer

The phenomenon is governed by well-known Maxwell’s
equations with the following tensorial substantial equa-

tions:
B=[uH 1)
J,=[cIE (2)

where ], is the current density induced in the core in the
core (Eddy current), [#] and[ & ]are the effective per-
meability and conductivity tensors, respectively. The
current in the primary filament is I(t) = I,¢*' and the res-
pective current density is modeled as follows:

J=16(p-a)6(z-z)e, 3)

where 6 (p —a) and 6 (z - z,) are the Dirac delta functions
for the radial and z directions, respectively. e, is the
unitary vector in the ¢ direction (the use of the cylindri-
cal coordinates is implied). Additionally, E(r, t) =
E(r) e/, H(r, t) = H(r) ™"

Figure 2. Laminated core of partial core transformer with
filamentary conductor
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EFFECTIVE PERMEABILITY AND CONDUCTIVITY TENSORS

The ferromagnetic material that composes each lamina-
tion is considered uniform and isotropic, so that the la-
minated structure of the core is the only cause of the
anisotropic property of the core. Then, the orientation
of the coordinate system axes shown in Figure 3 yields
the diagonal orientation of the tensors [z] and [ 5 ]:

u 0 0 o 0 0
[u]l=| O H, 0 |and [o]=| 0 o, 0
0 0 n 0 0 o

n2y
C— OI

247

a— 00

Figure 3. Transformer core sheet with a dielectric layer

To obtain the explicit form of the tensors [u] and [o],
which is indispensable for further considerations, let
us consider the behavior of the electromagnetic field
within only one ferromagnetic sheet (region I) and the
surrounding it insulator (region II). The ferromagnetic
plane sheet is considered of dimensions & x a x b, where
h is the thickness of the lamination and the width and
the length and tend to infinity, respectively. The last
assumption is a necessary idealization, which in practi-
ce means that the thickness is much less than the width
and length (h << a, b). c is the thickness of the insulator
between two laminations. Figure 3 schematically de-
picts the system “ferromagnetic sheet-insulator”, whe-
re the part in gray corresponds to the conductive sheet
and the insulator is drawn in blue. Let us also assume
that the gradient of the magnetic field along the axes
OX and OZ is small enough in a way that the magnetic
field considerably varies on those directions only at dis-
tances much greater than the thickness h.

As a result, the dependence of the magnetic field H
on the coordinates x and z can be neglected.

Maxwell’s equations under the mentioned assump-
tions and for this geometry can be reduced to the fo-
llowing:

V?H, = jou(y)o(y)H,
V2H, = jou(y)o(y)H, 4)
V*H_ = jou(y)o(y)H,

where u (y) =y, 1, and o(y) = o in the ferromagnetic, i (y) =
0 and o (y) =0in the dielectric. Equation (4) are considered
with the appropriated boundary conditions which are:

H! +ﬁ s +ﬁ
72 (72

h h
o[ ) +2)
H! iﬁ =H" iﬁ
72 =72

Figure 4 illustrates boundary conditions for the magne-
tic field in XOY plane. Red lines represent induced
eddy currents.

Y

)

L J

a — 00

Figure 4. View of the x — y plane of the transformer core sheet

As seen in the previous expressions, the boundary con-
ditions for the x — y and z — y planes are similar given
the dimensions assumed in the analysis. However, in
the x — z the field that is conserved to pass between both
media is the B field, so that the assumed boundary con-
dition is the following:

B,=B, 5)
Rewriting the above in the form:

,uo,urH; = ,uOH;I (6)
The boundary condition for the y-component show is
obtained.

The solution to equations (4) within the conductive
sheet can be obtained in the form:

pr€osh(BY)  inside the sheet
H (y)= cosh(%hj

H" in the insulator

Y o

y inside the sheet @
H,(y)=1 &

H, in the insulator

h
! L(ﬂz) inside the sheet

H_(y)= cosh(%j

H in the insulator
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where Hf,H;’, and H! are constants and g =(1+))yjo x o /2
At the same time, for the field B we get:

i _cosh(By) inside the sheet

Hoth 1
ph
= h| ——
B (vy) cos ( >
L H in the insulator
0" "x
p,H! inside the sheet :
B, (v)=
W wH! in the insulator ®)
Yy
cosh(fy)
popu HY S22 LY inside the sheet
B.(y)= COSh(?j

4" in the insulator

In turn, the tensor of the permeability can be obtained
from the constitutive relation B = [u] H which in direc-
tions OX, OY and OZ takes the form of the following
three equations: B, =, H, B, =u H, and B, = u H,. Ob-
tained this way permeabilities y1,, 1, and p, are functions
of the coordinate y. Their values change passing from a
ferromagnetic sheet to the insulator and from the insu-
lator to the next sheet, etc., performing a rapidly oscilla-
ting behavior. In order to represent the laminated core
as a continuous medium, it is necessary to consider the
so-called average fields (B) and (H). In these terms, the
effective permeability of the laminated core as a conti-
nuous medium is the relation between the average
fields:

(B)=Lal(H) )

Where the average field is obtained according to the fo-
llowing rule. Let G(r) be a vectorial field. Then, the ave-
rage field can be obtained as follows:

(G()) = % [ VG +f)df df,df. (10)

Where the volume V is the minimum necessary to
smooth any non-uniformity of the medium. In our par-
ticular case the volume V should include a lamination
together with one insulating layer, i.e., V= (h +c)’. As a
result, the components of the effective relative per-
meability tensor can be got in the following way:

By (B) . (B) (1)

T (HY T (H,)’ o ()

The integration of the fields (8) and (7) according to for-
mula (10) and the substitution of the respective results
into (11) finally yields:

py OB

_ 2
He = Ho L tanh(h/2) |
Bh/2

1-F

/'7 — /u[]lur
" TFr(-Fy (12)

py EORBRID)

= u __ph/2
= Ftanh(ﬂh/2)+1_F
Bh/2

where F is the stacking factor which expresses the
amount of metal in the core, given by formula:

Pl (13)

Finally, the sought effective permeability tensor is ob-
tained by substituting the obtained values (12) of the
effective permeability into the matrix:

Z 0 0
[ml=| 0 & o© (14)
0 0 &

One can observe in (12) that the obtained permeability
tensor depends on frequency in a way that in the high
frequency limit (w — 0) the permeabilities zz, approach
I, because in this limit the depth of penetration of the
electromagnetic field into each ferromagnetic sheet
tends to zero.

CONDUCTIVITY TENSOR

The conductivity tensor [&] can be determined through
simple geometric analysis and considering the respon-
se of the core to alternating electric field in different di-
rections. First, the conductivity in OY direction is zero,
since the dielectric layers between the conductive sheets
insulate currents along this axis. In turn, the ferromag-
netic sheets conduct electric current in other directions,
as shown in Figure 5.

. Conduction
Conductive
sheet -

Dielectrie T —

x

Figure 5.Transformer core conductivity
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Let us consider an alternating electric field in OX direc-
tion. The resulting current density distribution within
the core can be described as follows:

ZEX inside the sheet (15)

L(y)={

in the insulator

Therefore, the effective conductivity in OX direction
can be obtained by applying the same principle descri-
bed in previous section. In other words, the effective
conductance is the relation between the average current
density (J,) and electric field (E ):

_ h c
6, =0+ —(O)=F (16)

Where it is observed that ¢ # 0 in the sheets because it is
a conductive medium, while in the dielectric material
because there are no circulating currents ¢ = 0.

The same result is obtained in OZ direction. Thus,
the effective conductivity tensor takes the form:

Fo 0 O
[6]1=] 0 0 O 17)
0 0 Fo

PERMEABILITY AND CONDUCTIVITY TENSORS IN THE CYLINDRI-
CAL COORDINATE SYSTEM

Although the axial symmetry of the problem is not hold
due to the anisotropic property of the laminated core,
the use of the cylindrical coordinates is more adequate
to calculate the mutual impedance of the transformer
with cylindrical core. Therefore, the effective permeabi-
lity and conductivity tensors (14) and (17) obtained in
the flat coordinates should be transformed into the
cylindrical coordinate system. This can be fulfilled
using the well-known tensorial transformations when
passing from one system of coordinates to another.
From the point of view of the tensorial transformations,
the transition from the Cartesian coordinate system to
the cylindrical is a 2D rotation given by the following
unitary transformation matrix:

cos¢ —sing 0
U=|sing cosg 0 (18)
0 0 1

Then, the effective permeability and conductivity ten-
sors in the cylindrical coordinates can be obtained as
follows:

[u,1=U"[z] and Ulo]=U"[G]U

As aresult, we get:

A cos’ g+, sin’ ¢ (4, —f,)singcosg 0

[, 1=| (&, -1 )singcosg n, sin2¢+;7y cos’p 0 (19)
0 0 i
and
Focos’¢y  —Fosingcosg 0
[0.,]=| ~Fosingcos¢ Fosin® ¢ 0 (20)
0 0 Fo

These tensors finally can be substituted into Maxwell’s
equations to calculate self and mutual impedance of par-
tial core transformers with cylindrical laminated core.

Nevertheless, the use of these tensors in the solution
of Maxwell’s equations in the cylindrical coordinate
system may lead to certain mathematical difficulties
since the axial symmetry is not hold. Then, some ap-
proximate methods, such as consecutive approxima-
tions, should be used. Within this method, a sequence
of approximate solutions which converges to the exact
one, is obtained. This sequence can be truncated at a
certain term according to a predetermined criterion,
leading to a solution that satisfies a required accuracy.
The first approximation can be reached by approxima-
ting the obtained permeability and conductivity ten-
sors with those averaged over all directions ¢. The
same ideology has been adopted by Wilcox et al. (1988)
except for that fact that the considered in that work per-
meability tensor was constant and the conductivity was
assumed isotropic.

Averaging of the tensors (19) and (20) over ¢ implies
the integration with respect to ¢» and division by 27 ac-
cording to the following operation:

[4]= % [C e, o0g, 161=["10,,(¢)d0

Thus, applying this operation to (19) and (20) we finally
come to the following result:

u 00 c 0 0

[4]=] 0 u 0], [6]=|0 o, O (21)
0 0 g 0 0 o

Where:
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tanh(Sh/?2) N

A T
x 1 0
ﬂJ_: :/'lo + (22)
2 ptanh(Bh/2) | o F+(1-Fy,
Bh/2
and:
o =2t % _1p, 23)
+ 2 2

MUTUAL IMPEDANCE BETWEEN TWO COILS

MUTUAL IMPEDANCE BETWEEN TWO CONDUCTIVE FILAMENTS

Once the permeability and conductivity tensors of the
core having been obtained, Maxwell’s equations for a
PCT with a cylindrical core can be properly formulated.
These equations con be reduced to only one equation
for the angular component of the electrical field E ;. This
equation is (Wilcox et al., 1988):

1 62E¢
jou, oz

1 0 [16(pE¢)J+ =1,0(p-a)d(z—z,)+0 E, (24)

jop, Sp\p Op

Where in the core u, u, and o, are given in (12), (22)
and (23), respectively, whereas u, =y, u, = gyand o, =0
in air. Equation (24) can be solved by using the Fourier
transform with respect to the coordinate z defined as
follows:

E¢(p,k) = _[j: e’jsz¢(p,z)dz (25)

Then, equation (24) in the Fourier domain becomes:

1 0(10(pE)) K +jouo, &
{p 6p¢ J J E,=1,6(p-a)d(z-z,) (26)

jou, op Joor,

Equation (26) is considered together with the boundary
conditions that can be expressed as follows:

E;cmz |p:R: E;ir |p:R’ Hioru |p:R: H:ir |/J:R
ES"1 =0, H™ 1 =0 (27)
Fair _ yair _
Eri =0, A7l =0

The ordinary differential equation (26) with the boun-
dary conditions (27) can be solved using standard
methods of mathematical physics. The solution for each
medium can be represented in the following form:

E"(p, k)= C,(0)],(2p) (28)

E"(p,k) = C, (KK, (kp)
—joouylyae " I (kp)K, (ka)[1-0(p —a)]

+1, (ka)K, (kp)0(p—a)} (29)

Where:
2
A= [iJ K +jou.o,
My

0 (p — a) is the Heaviside unit-step function and
functions C, (k) and C, (k) are presented below:

¢, (k) =—jou,Iae”" K, (ka)x

I,(kR)K, (kR) - I, (kR)K, (kR)

I.(AR)K,(kR) +i%10(/1R)Kl(kR)
Y7

z

¢, (k) = jou,I ae " K, (ka)x

“L(kR)L,(AR) + 4 A T (AR)T, (KR)
u, k (30)

I, (AR)K, (kR)+ %2 % I,(AR)K, (KR)
7,

z

Here I ,(x) and K ,(x) are the modified Bessel functions
of the first and second kinds, respectively (Tijonov &
Samarsky, 1983).

Solutions (29) and (28) represent the electric field
distribution both in the core and air. To calculate mu-
tual impedance between two filaments it is only neces-
sary to use solution (29) in air. Assuming that the radius
of the secondary filament is b and b > a and its z coordi-
nate is z, (Figure 6), the electric field value at the secon-
dary (in the Fourier domain) takes a simpler form:

E 4(b,k) = C, (K, (kb) - jool jae "' T, (ka)K, (kb) (31)

Figure 6. Laminated core of partial core transformer with two
filaments

Where C,(k) is presented in (30). In turn, the electric
field in the coordinate domain can be obtained from
(31) taking the inverse Fourier transform as follows:
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1 + 0 A ik
Ey(b,2;) =7~ [ E b kye™dk (32)

At the same time, the electromotive force in the secon-
dary filament can be easily calculated:

f=— I;”b E,(b,z,)d¢ = —27bE,(b,z,) (33)

Finally, the impedance between two filaments is obtai-
ned as a fraction between the electromotive force and
the electric current:

&
Z=— (34)

0

Thus, the substitution of (31) into (32), (32) into (33) and
finally (33) into (34), the impedance (34) can be recast in
the following form:

Z(@a, b, z,—z)=Z-+jwL,

Here the inductance in air has the form:

)—(1+%2J E(NZ)} (35)

Where K(x) and E(x) are elliptic integrals of the first and

second kind, respectively, and also =1 /{(z, -z, +(a+by).
In turn, the core part Z. of the total mutual impedance

is:

L, =2 JabN {K(W
2w

Z.= ja),uoubjj: cos(k(z, —z,))K,(ka)K, (kb)

LR (KR~ * 1 (AR)L (kR) (36)
X - k dk
LGRK (kR + 2021, A1(AR)K, (k)

z

MUTUAL IMPEDANCE BETWEEN TWO SUPERCONDUCTIVE TAPES

Filaments should be substituted by superconductive ta-
pes in the case of PCTs with the use of superconductor
windings. Let us consider two tapes of same cross-sec-
tion, as shown in Figure 7. A and B are the radii of each
tape, whereas D and 6 are the length and thickness, res-
pectively. Each tape can be represented as a set of fila-
ments with the density 1/(D 0). In this case, formulas
(35) and (36) can be rewritten in the form:

A+s  Bis A * Z **

L,=- (D5) 2;;! jdb J;dzz_tdz

(37)
X@N{K(Nz)—(u%zjli(xz)}
. 1 A+S B+5 Za+ ZB+D
¢ = oty s jdajdb I dZZJ;dZ
xachos(k(zz—zl))Kl(ku)K1(kb) 8)

LR (kR)— 0 2 1 (AR)I(kR)
x H, k dk

11(;LR)KU(kR)+&%IO(AR)Kl(kR)
i

z

. e
—— .
E—

D/2 ‘

D
Figure 7. Laminated core of partial core transformer with two
tapes of rectangular cross section

The case of two windings can be easily obtained from
(37) and (38) by substituting the dimensions presented in
Figure 7 with the new ones and considering the number
of tapes in the primary and secondary windings N,and
N,, respectively (see Wilcox et al., 1988). The width and
thickness of each winding, in this case, can be taken as w,,
and 0, for the first one and w; and 6,. Therefore, the den-
sity of the number of tapes in each winding is N,/ (w,
0,) and N, / (w, 6;), respectively. New dimensions are
also affect the limits of the integrals in (37) and (38).

A particularly interesting case for us is that of two
superconductive coils placed one over another coaxia-
lly as shown in Figure 8, where Z,=Z,=z, w, = w, = w.
As a result, we can obtain:

z+7

A+5A Bis, 2
LA?%%{ jdbj dz, jdz

z-Z -2
2 2

(39)
xJabN {K(NZ)—[Hfj E(&Z)}
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Z. = jou,

.2 kw
NN, L
AL 7* [ dk
w's, 8, . k,
xa{K,(ka)L, (ka)+ K, (ka) L, (ka)} IZ:’:‘S/‘

(40)
X b{Ko(kb)Ll (kb) + K] (kb)LU (kb)} |biB+JB

b=B

LR (KR)~ 2% 1 (AR)L, (kR)
uk

z

X

I,(AR)K, (kR) + ﬂ%lo (AR)K, (kR)
)7

z

Where L, (x) and L, (x) are the Struve functions.

—
w |

Figure 8. Partial core transformer with two tapes of rectangular
cross section placed one over another

Figure 9 shows the behavior of the resistive and induc-
tive parts of the total mutual impedance of a PCT as a
function of frequency, w, obtained with the analytical
formula for the parameters shown in Table 1.

—— Resistance — Inductance

10 / 10

sE N\ ~ :
I N c E
4 T 4 -
2 ,/ 2
Ot 40

500 1000 1500 2000 2500 3000 3500

w, [rad/s]

Figure 9. Resistance and inductance between two windings
obtain with the analytical model

The analytical model was compared with the finite ele-
ment method (FEM) using the ANSYS® Maxwell soft-
ware, the results of which are shown in Figure 10,
where it can be seen that the analytical model adjusts
well to the values obtained using the FEM. However,
the error obtained between both models is around 7 %
for the inductance and 11.4 % for the resistance values,
this is because the analytical model does not take into
account the non-linear characteristics of the core, it
must also be remembered that for the analytical model
infinite dimensions were considered in the length and
width of the sheets that make up the transformer.

Ansys

10.00
— Inductance L

9,00 | — Resistance R

1250

[ 1000

g
Resistance, R [ohm]

Figure 10. Resistance and inductance
o between two windings obtain with ANSYS
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Table 1. Parameter Used in FEM and Analytical Model

Parameter Value
Core
Length 470 mm
Radius 40 mm
Lamination Thickness 0.23 mm
Material Steel 1010
Inside Winding
Winding Length 338 mm
Wire Thickness 0.305 mm
Current Rating 100 A
Total Turns 320
Material Copper
Outside Winding
Winding Length 330 mm
Wire Thickness 0.305 mm
Current Rating 65 A
Total Turns 320
Material Copper

Despite the above, the results obtained show that the
analytical model presents a good approximation to the
values of resistance and mutual inductance even
without considering the non-linear characteristics of
the device.

CONCLUSIONS

Study of high critical temperature superconductors has
allowed the development of a countless number of
highly efficient electrical devices with less weight and
size. Simpler constructive properties of such devices
make them even more beneficent. Partial core high cri-
tical temperature superconducting transformers are of
that kind. The lack of the external “legs” and the cylin-
drical geometry of the core make these transformers
better candidates for the development of the high effi-
cient power transformers with the size much less than
the conventional ones developed up to date. Currently,
PTC’s are found in resonant transformers or as step-up
transformers for capacitive loads (Ming, 2012), but gi-
ven the characteristics of PTC’s, it is possible to manu-
facture portable step-up/step-down transformers even
lighter than those currently on the market. However,
research aimed at studying such devices is scarce and
only a limited number of models has been developed to
study well the achievements of this type of transfor-
mers. This paper represented the first analytical ap-
proach allowing the determination of the mutual
inductance of a laminated partial core transformer, ba-

sed only on physical and geometrical characteristics of
the core and windings. The model properly takes into
account the laminated structure of the core. For this
purpose, the magnetic permeability and conductivity
tensors of the laminated core were obtained as functions
of frequency by solving Maxwell’s equations within
each ferromagnetic sheet. This resulted in additional
dependence of the mutual impedance between two
windings of frequency. The model was compared with
the finite element method using the ANSYS® Maxwell
software. This comparison shows that the analytical
model obtained is a good approximation for the deter-
mination of the mutual impedance of a partial core
transformer. However, it is necessary to consider the
non-linear characteristic present in this type of devices
to have a better fit of the analytical model based on the
one obtained through the FEM. Therefore, the subse-
quent work is to make the model of the non-linear cha-
racteristic of the core and add it to the model obtained
in this work.
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