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Abstract

This article presents a new version of the subconductor partitioning method for the parametric estimation of the frequency-depen-
dent series impedance of underground cables with concentric and segmental geometry. The main feature of this new proposal is the 
reduction of the scale factor and the correction of the shape of the subconductors used, with an error control criterion. Thanks to 
these two techniques, the processing time and computational effort required are significantly reduced, which in previous years pro-
bably made this method practically obsolete. This work provides the practical engineer with a new numerical-analytical tool for esti-
mating the frequency-dependent series impedance parameter of power cables, in addition to methods based on electromagnetic 
theory, such as the finite element method, which is often difficult to implement numerically and requires a certain level of experien-
ce when using professional software to adjust the solution obtained to the different types of conductive and dielectric materials that 
make up the electrical cable under study. The results are validated using the analytical solution for concentric or coaxial cables, based 
on Schelkunoff’s transmission line theory. For cables with arbitrary physical symmetry, validation is performed by applying the finite 
element method with a change in layer boundary properties at the boundaries for the analysis of the segmented underground elec-
trical cable.
Keywords: Computational electromagnetics, transmission line, conductor subdivision method, finite element method.
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Introduction

New power cable technologies require continuous in-
novation in design techniques to meet the challenges of 
modern renewable energy projects. More and more 
wind farms are being constructed offshore each day to 
support the electrical demand of power systems, trans-
mitting energy via submarine cable links that connect 
countries’ mainland’s through high-voltage direct cu-
rrent (HVDC) (Wood et al., 2012; Urquhart & Thomson, 
2015; Sutton, 2017; Apostolov & Raymond, 2024; Otani, 
2024; Raymond & Komljenovic, 2024; Casey et al., 2023; 
Modi et al., 2024; Badrzadeh et al., 2024; Bahrani et al., 
2024).

Thus, professional software and simulation tools 
must continuously update to expand the scope of 
analysis and its reliability limits of submarine and un-
derground cables to include new trends in power and 
communication application case studies (Ametani, 
2015b; Scott-Meyer, 1982; Dommel, 1986; Noda et al., 
2008; Ametani, 2015a; Gole, 2004; Dommel, 1972; Ame-
tani, 1980; Ametani et al., 2015; Ametani, 1994).

Some new cable technologies are based on segmen-
tal or umbilical cable geometries. These combine power 
cables with optical fiber cables for communications, 
ground conductors, and pilot cables for highway brid-
ges in the same trench pipe. They also have many other 
applications for connecting offshore substation plat-
forms. Unfortunately, there is no widely accepted exact 
theory or methodology implemented in EMTP-type 
software that can calculate the electrical parameters of 
series-impedances (Z) and shunt-admittances (Y) com-
ponents for this type of cable geometry (Ametani, 
2015b; Scott-Meyer, 1982; Dommel, 1986; Noda et al., 
2008; Ametani, 2015a; Gole, 2004; Dommel, 1972; Ame-
tani, 1980; Ametani et al., 2015; Ametani, 1994).

Most commonly used electromagnetic transient and 
harmonic professional classical software and other si-
mulation tools are limited to analyzing concentric 
power cables with regular geometries (Schellkunoff, 
1934). Consequently, available cable models are only 
specified for predefined types of configurations with 
limited conductor/dielectric parameter ZY datasets.

Considering these limitations, some numerical sub-
conductor division or partition methods for analyzing 
power cables with arbitrary cross-sections have emer-
ged (e.g., conductor subdivision methods and partial 
subconductor equivalent circuits). These methods can 
complement the use of advanced numerical electro-
magnetic methods, such as the finite element method 
(FEM) (De Arizon & Dommel, 1987; Comellini et al., 
1973; Lucas & Talukdar, 1978; Graneau, 1979; Rivas & 
Marti, 2002; Padilla, 2017; Ruiz, 2017; Miki & Noda, 

2008; Schmidt et al., 2012; Uribe & Flores, 2018; Cywiński 
& Chwastek, 2019; Yin & Dommel, 1989; COMSOL; 
Schött & Walczak, 2021; Guan et al., 2016; Rangelov & 
Georgiev, 2019).

However, the problem with subconductor partition 
equivalent methods is the spatial discretization of the 
cable cross-section image (i.e., the resolution as a 
function of the skin-effect depth thickness) and the ne-
cessary refinement of the subconductor partition, which 
is a type of optimization process. This results in a subs-
tantial increase in computational burden and can make 
the process very time-consuming (Comellini et al., 1973; 
Lucas & Talukdar, 1978; Graneau, 1979; Rivas & Marti, 
2002; Padilla, 2017; Ruiz, 2017; Miki & Noda, 2008; Sch-
midt et al., 2012; Uribe & Flores, 2018; Cywiński & 
Chwastek, 2019; Yin & Dommel, 1989; COMSOL; Schött 
& Walczak, 2021; Guan et al., 2016; Rangelov & Geor-
giev, 2019; Zhang et al., 2011).

Because of this drawback, numerical methods based 
on conductor subdivision are rarely studied or used to 
estimate ZY models of electrical parameters for electro-
magnetic transient studies or harmonic induction pro-
blem analyses.

Thus, this paper proposes a novel scaling technique 
and a cable shape error compensation technique to in-
crease the numerical efficiency of computing a large 
electrical parameters data matrix. These techniques can 
accurately estimate power cable parameters of arbi-
trary cross-sections and drastically reduce the compu-
tational burden and running time as the number of 
required sub-conductors increases (De Arizon & Dom-
mel, 1987; Padilla, 2017; Ruiz, 2017). The proposal 
builds on classic work reported in De Arizon and Dom-
mel (1987), Comellini et al. (1973), Lucas & Talukdar 
(1978), Graneau (1979), Rivas & Marti (2002); and Padi-
lla (2017). It applies a scaled-down spatial sampling di-
mension of the original cable cross-section, which uses 
fewer sub-conductors than the original model, without 
affecting the accuracy of the cable’s ZY electrical para-
meters. It also compensates for cable shape errors when 
using square or circular sub-conductors (Padilla, 2017; 
Ruiz, 2017). This process is developed within predeter-
mined accuracy tolerance ranges with a controlled 
numerical error criterion as a function of resolution. 
This balances accuracy and simplicity while providing 
a clear physical interpretation of resistances (R) and in-
ductances (L) equivalent electrical circuit components.

Conductor subdivision numerical methods

The voltage drop Vn along a transmission line and the 
circulating currents In are related through the well-
known first telegrapher equation, which describes a 

https://doi.org/10.22201/fi.25940732e.2025.26.4.032
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transmission system propagation model, such as the 
one shown in Figure 1, formed with two conductors. 
The resistance and inductance elements (longitudinal 
effects) of each conductor are represented by Rnn and Lnn 
(for n = m) in the main diagonal components of the squa-
re matrices in (1). The corresponding mutual inductan-
ce components are Lmn (for n ≠ m) on the off-diagonal 
components of the transmission conductor system ma-
trix (Dommel, 1986; De Arizon & Dommel, 1987; Ruiz, 
2017; Cywiński & Chwastek, 2019; Yin & Dommel, 
1989).

                                                              ...

for n, m = 1, 2, 3, ..., Ncond		  (1)

The resistance and inductance parameters in (1) are de-
fined in per unit length (p.u.l.). It is worth mentioning 
that the Rnn and Lnn elements on the main diagonal of (1) 
are related to the self-impedance components illustra-
ted along each of the tubular conductors in Figure 1, 
which represents the longitudinal effects of the trans-
mission system. In contrast, the elements outside the 
main diagonal of the inductance matrix formulation are 
related to magnetic coupling effects between the con-
ductors of the system in the presence of the ground-re-
turn plane (Noda et al., 2008; Ametani, 2015a; Gole, 
2004; Dommel, 1972; Ametani, 1980; Ametani et al., 
2015; Ametani, 1994).

Figure 1. Illustrative description of the First Telegrapher equation 
according to (1) with longitudinal effects R and L.

The scaling reduction technique

According to the conductor subdivision paradigm, the 
resistance and inductance matrices in (1) increase signi-
ficantly with the number of subconductors used to par-
tition the original model. This leads to two problems: 
an increased computational burden and an inability to 
revert to the original model.

This paper proposes using a downscaling factor on 
the original cross-section cable model as an image 
transform (but only for magnitude), which proportio-
nally reduces the dimensions of the cable cross-section 
geometry. This effectively reduces the number of sub-
conductors, as can be seen in Figure 2 from left to right, 
from cable 1 to cable 2 with a common ground-return 
path of reference. Consequently, the computational 
burden and processing time required to calculate the 
electrical parameters R and L for the subconductors of 
the reduced model are less than those required for the 
complete original model.

Electrical parameter determination 

In classical subconductor partition methods as in De 
Arizon & Dommel (1987); Rivas & Marti (2022); Come-
llini et al. (1973); Lucas & Talukdar (1978); Graneau 
(1979), the main idea is to find an equivalent network of 
subconductors whose electrical properties (R, L, G, and 
C) can describe the real electrical behavior of a power 
conductor, such as an in the case of aerial line conduc-
tor or an underground or submarine cable. On a second 
step, the subconductor circuit equations system with 
equal voltages is reduced through a numerical linear 
algebra method as Kron, Gauss, or Choleski as descri-
bed in Dommel (1972) into a new set of “bundled” pha-
se conductor equations to find an equivalent to the 
original electrical conductor system (usually a three 
phasic system).

However, as the performance of subconductor par-
tition methods (De Arizon & Dommel, 1987; Rivas & 
Marti, 2022; Comellini et al., 1973; Lucas & Talukdar, 
1978; Graneau, 1979) is critically affected by the size, 
shape, the disposition of the subconductors and by the 
accuracy of the formulas employed to determine the R 
and L parameters, there are some assumptions that 
must be considered to avoid affecting the results, such 
as: the cross-section of a homogenous conductor can be 
subdivided into a number of subconductors (filaments) 
of equal cross-sectional area (as illustratively shown in 
Figure 2), the current flows longitudinally in the sub-
conductors, the current density in the conductor is uni-
form and small enough to each of the partitioned 
subconductors, the magnetic permeability of a subcon-
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ductor is constant throughout the whole cycle of alter-
nating current, but may be different from that of any 
other subconductor, the conductivity of each subcon-
ductor is constant and all the subconductors are in pa-
rallel disposition.

Figure 2. Downscaling factor application to a cable cross-section 
image from the left-hand side to the right-hand side.

The proposed scaling technique essentially represents a 
proportional reduction in the cross-section of the con-
ductor as a downscaling factor applied to the exact 
analytical formulas described in (Schellkunoff, 1934), 
which take into account the skin effect and proximity 
effects based on the following:

A´i = Ai  Sf		    	  	 (2)

where Ai is the original cross-section conductor or cable 
(as shown in Figure 1), Sf is the downscaling factor (de-
termined empirically), and A í is the reduced cross-sec-
tion of the subconductor.

Thus, the variable change (2) should not signifi-
cantly affect the behavior of the R and L longitudinal 
parameters (depicted along each conductor in Figure 1) 
in the new equivalent electrical circuit concerning the 
magnitude of the original impedance loop circuit.
Consider now the power cable or conductor shown in 
Figure 3, which has been taken from (Padilla, 2017; 
Ruiz, 2017). As shown on the right-hand side of this fi-
gure, a scaling factor of 1:2 is applied to this concentric 
cable. Thus, the computation of R and L for each sub-
conductor “i” applying the corresponding scaling fac-
tor is related to the analytical formulas described in 
Schellkunoff (1934) with the following:

	 (3)

Where ρi is the resistivity of the metallic conductor “i” 
and Ri is the metallic conductor resistivity of subcon-
ductor “i” under study.

On the other hand, for the calculation of the self and 
mutual-inductance components of the subconductors 

partition in De Arizon & Dommel (1987); Rivas & Marti 
(2022); Padilla (2017); Ruiz (2017), the method of geo-
metric mean distances (gmd) is used to take advantage 
of the parallel filamental subconductors’ position based 
on the following fundamental expression:

In(gmdik) = 	 (4)

Where Ai and Ak are the cross-sections of each subcon-
ductor, and t is the distance between subconductors.     
Thus, the solution of the integral in (4) for square sub-
conductors for the self-gmd component:

gmdi = 0.44705 ℓ

Where ℓ is the length of a square shape subconductor, 
which can be visualized on the right-hand side of Figu-
re 4. For the mutual neighboring (adjacent) subconduc-
tors touching each other (Rivas & Marti, 2022):

gmdik = 1.00655 dik

Where dik is the distance between subconductors i and k. 
Thus, the self and mutual-impedance components 

can be evaluated with the following relations:

	 (5)

	 (6)

Where Lii is the self-inductance (H/m), Lij is the mutual 
inductance (H/m), m0 is the vacuum permeability (H/m), 
a is the conductor radius of the fictitious ground-return,   
gmdi is the geometric-mean distance of each subconduc-
tor i and gmdij is the geometric-mean distance between 
subconductors i and j. The corresponding downscaling 
factor quantities are denoted with an apostrophe.
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Figure 3. Illustrative coaxial cable model configuration: scaled 
prototype cable of 2:1 applied in the right-hand side image.
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The self and mutual inductance components and 
the gmd for circular subconductors are equivalent to 
(Schellkunoff, 1934; De Arizon & Dommel, 1987; Rivas 
& Marti, 2022; Padilla, 2017; Ruiz, 2017) as follows:
						    

Lii		  (7)

							     

	 (8)

Where Diq is the mutual gmd between two circles, and 
for one circle is and Di = rie

-mi/4 and mi = 1.

Figure 4. Error compensation between circle and square or 
pixel subconductor cross-section discretization of the cable 
conductor.

To include circular subconductors instead of square-
shaped ones in the image of Figure 4, two types of 
errors have to be compensated for. The first one is due 
to the differences in the area between a circular- and a 
square-shaped subdivision as a function of the resolu-
tion (right-hand side in Figure 4). This can be corrected 
using the formula shown in the same figure, which re-
presents the error between using a square and a circular 
shape cross-section.

The second one is due to the use of the approximate 
formulas (5) and (6) for calculating the gmd of square-
shaped subconductors (De Arizon & Dommel, 1987; Co-
mellini et al., 1973; Lucas & Talukdar, 1978; Graneau, 
1979). This error is corrected using Diq and Di instead of 
(5) and (6) when circular-shaped subconductors are 
applied. According to De Arizon, Dommel (1987); Come-
llini et. al. (1973); Lucas et. al. (1978); Graneau (1979), all 
subconductors inherently introduce this type of error ex-
cept for the case of two adjacent circular subconductors.

The impact of the shape error compensation techni-
que is shown in the electrical parameter curves in Figu-
re 5, with a spatial resolution of 20 sub/in for the R and 
L loop impedances formed between the sheath and core 
of the power coaxial cable in Figure 3.

As shown in Figure 5a, the resistance (R) of the 
coaxial cable in Figure 3 increases as the effective con-
ducting cross-section decreases according to equation 
(3) when the frequency of the magnetic flux increases.

This corroborates the idea that the R calculation 
using circular subconductors and the scaling technique 
is closer to the exact analytical solution of Schellkunoff 
(1934) than the solution obtained using square-shaped 
subconductors.

Figure 5b shows the reduction in inductance (L) ac-
cording to the increasing frequency of the alternating 
magnetic field. The induced current tends to concentra-
te near the surface of the conductor, which decreases 
the conductor’s effective cross-section for storing mag-
netic flux links. 

Thus, the results obtained indicate that the circular 
shape with the scaling technique is more accurate for 
the entire frequency range than the pixel shape.

Figure 5. Loop impedance formed between the core and sheath 
of the cable in Figure 3 as a function of the frequency using a 
resolution of 20 sub/in. a) Resistance and b) Inductance.

Computational performance

When using a new algorithm, technique, or methodolo-
gy, one of the more important features is computer per-
formance, which is measured by complexity, accuracy, 
and execution time.

For example, in a typical electromagnetic transient 
simulation using the EMTP-type professional program 
(Dommel, 1972), if the user decides to use 1,000 samples 
for the test study, equation system (1) must be solved 
1,000 times for an electrical parameter system of size 
Ncond × Ncond.

Table 1 shows the accuracy and relative error in cal-
culating the loop resistances and inductances of the ca-
ble core-sheath shown in Figure 3 for five different 
frequencies between 10 Hz and 100 kHz. This was done 

2
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using a resolution of 16 sub/in of the analytical solution 
(Schellkunoff, 1934), the subconductor division method 
(De Arizon & Dommel, 1987), and the scaling technique 
developed here.

As an error measure, we decided to use the relative 
error criterion described as:

	 (9)

Where fexact is the improved conductor subdivision 
numerical method function (here considered as exact) 
and fapprox is the approximated methodology function 
(approximated results).

As can be seen in Table 1 for a coaxial cable resolu-
tion of 16 sub/in, the relative error for resistances R is 
higher at the higher test frequency of 100 kHz, with a 
value of 5.940 for the implemented version of the con-
ductor subdivision method with respect to the analyti-
cal solution. While for the proposed scaling technique, 
the relative error is slightly less than 5.367.

The higher relative error for the calculated induc-
tances L is also higher at 100 kHz for the conductor sub-
division method with 1.656, while for the scaling 
technique, we obtained 0.1949.

To test the computational performance and execu-
tion time of the two algorithms under consideration, 
we chose a resolution rank of 2–20 Sub/in and used 20 
samples for the conductor subdivision method in De 
Arizon & Dommel (1987) and the scaling technique 
proposed in this work.

Figure 6 shows the results comparing the computer 
processing elapsed time for each of the two algorithms 
implemented here. It can be seen from this figure that 
for resolutions higher than 10 sub/in and above, the 
proposed scaling technique is approximately one order 

of magnitude faster than the conductor subdivision 
method.

A quantitative analysis of the scaling-reducing tech-
nique accuracy behavior as a function of the resolution 
is shown in Figure 7, testing 4 frequency points, chosen 
arbitrarily between the range 1 Hz < f < 100 kHz.

Figure 6. Computer elapsed time as a function of the 
subconductor resolution.

Figure 7. Quantitative analysis of the scaling reducing technique 
as a function of the resolution: a) RMS Error and b) correlation.

% 1 100approx
rel

exact

f
f

e = - ×

a)

b)

Table 1. Resistances and inductances of the current loop core-sheath of the concentric cable for a resolution of 16 sub/in

Parameter f (Hz) Analytical Conductor subdivision e%
rel Scaling technique       e%

rel  

 
 

R (mΩ/km)

10 416.1 431.4 3.677 417.2 0.264
100 422.2 436.8 3.458 423.4 0.284
1k 471.6 489.7 3.838 484.5 1.061
10k 644.8 652.4 1.178 647.7 0.449
100k 1835.0 1726.0 5.940 1726.6 5.367

 
 

L (mH/km)

10 0.1397 0.1392 0.357 0.1393 0.286
100 0.1350 0.1359 0.666 0.1335 1.111
1k 0.1142 0.1154 1.050 0.1156 1.225
10k 0.1065 0.1073 0.751 0.1068 0.281
100k 0.1026 0.1043 1.656 0.1028 0.1949
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As can be seen in Figure 7a, the scaling technique 
has an RMS error slightly higher than the conductor 
subdivision method (De Arizonv& Dommel, 1987) in 
the case of 4 Sub/in of resolution. For the other three 
resolution cases, the RMS error of R is lower for the pro-
posed scaling technique.

The correlation factor indicates in Figure 7b the ten-
dency of the results to improve for the proposed scaling 
technique as the resolution used in the analysis is refi-
ned. The results in this work were obtained using a ge-
neric personal computer with the following features: 
Processor Intel ® Core ™ i-7-3770 CPU@ 3.40 GHz, 
RAM: 16.0 GB, 64-bit operating system.

Electrical segmental cable analysis

To analyze the electromagnetic transients of coaxial 
power cables, the electrical parameters ZY are calcula-
ted according to Schellkunoff ‘s theory using a prede-
termined number of time-frequency samples in the 
Laplace domain (Schellkunoff, 1934; Lucas & Talukdar, 
1978; Graneau, 1979; COMSOL; Schött & Walczak, 2021; 
Uribe et al., 2023). When the physical geometry of a 
three-phase electrical power cable is segmental (see Fi-
gure 8; data provided in Table 2), the frequency-depen-
dent electrical parameters can be estimated using the 
scaling technique (improved partition subconductor 
numerical method), which is a good alternative due to 
its combination of scaling reduction and subconductor 
partition shape error compensation (circular or square 
shapes). This method offers greater accuracy, reduced 
computer processing time, and lower algorithmic com-
plexity.

Figure 9 illustrates a 3D graphical layout of the bit-
map image arrangement, which was calculated using 
the MATLAB Image Processing Toolbox (MATLAB, 
2017). This layout is for the segmental electrical cross-
section power cable calculation shown in Figure 8. The-
se graphical layouts show the positions of the spatial 
samples in the cross-section of the segmental cable. The 
pixel information for each of the segmental nuclei and 
the external sheath can easily be identified in Figure 9, 
which gives an idea of the number of subconductors 
that can be used to process the data at a certain resolu-
tion. For this numerical representation, the resolution is 
46 sub/in using the numerical method of scaling. For 
illustrative purposes only, the edges of the three con-
ductors are shown in red, orange, and green. The die-
lectric materials of the internal and external insulators 
of the segmental cable are represented in blue.

In addition to validating the MATLAB simulation in 
this paper section of the segmental cable estimated pa-
rameters, we used the Finite Element Method (FEM) 

model implemented in the professional software COM-
SOL (COMSOL, 5.3; Padilla, 2017).

Figure 8. Three-phase power electrical segmental cable. 

Table 2. Conductor parameters for power segmental cable in 
Figure 8.

Conductors σ (S/mm) µr εr

Cores 58000 1 0
External sheath 1100 1 0

Insulator 0 1 3.3

There are several advantages to using COMSOL for ca-
ble parameter numerical estimation problems: 

|.	 Irregular, non-concentric geometries: FEM can 
easily handle non-concentric geometries that tradi-
tional analytical methods may struggle with. This 
makes it suitable for real-world applications where 
structures are not simple shapes. 

2.	 Local refinement: FEM allows for local mesh refine-
ment, meaning you can increase accuracy in areas of 
interest while maintaining a coarser mesh elsewhe-
re. This adaptability improves parameter estimation 
without excessive computational costs. 

3.	 Material heterogeneity: The method accommodates 
materials with varying properties, enabling accura-
te modelling of structures made from multiple ma-
terials or those with non-uniform characteristics. 

4.	 Nonlinear behaviour: FEM can effectively model 
nonlinear relationships and behaviours, which are 
often present in real systems. This flexibility is es-
sential for accurately estimating parameters in sys-
tems with complex interactions. 

5.	 Integration with optimization: FEM can be sea-
mlessly integrated with optimization algorithms to 
improve parameter estimation. This integration 
allows for systematic adjustments and improve-
ments based on iterative feedback from simulations. 

6.	 Sensitivity analysis: The method provides an effi-
cient way to perform sensitivity analyses, helping 
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us understand how variations in parameters affect 
the outcome. This understanding is crucial for ro-
bust parameter estimation. 

7.	 Robustness and stability: FEM is known for its 
numerical stability, especially when solving partial 
differential equations. This makes it a reliable choice 
for parameter estimation tasks. 

8.	 Parallel computing: Modern FEM software can leve-
rage parallel computing capabilities to significantly 
speed up analysis, which is beneficial when dealing 
with large-scale parameter estimation problems. 

9.	 Multiscale analysis: The Finite Element Method 
(FEM) can be applied to multiscale modelling. This 
enables the study of phenomena that occur at diffe-
rent scales. It is particularly useful in fields such as 
materials science and biology. 

10.	Visualization: Results from FEM can be easily visua-
lized, which aids in interpreting data and identi-
fying how parameter changes affect system 
behaviour (COMSOL).

These benefits make the finite element method (FEM) a 
valuable numerical tool for addressing the complexities 
associated with non-arbitrary cable parameter valida-
tion in various study cases.

However, using COMSOL Professional software is 
neither simple nor quick to learn. In other words, it is 
possible to handle generic routines in the first session, 
but when it comes to modelling more serious or com-
plex problems, a great deal of experience and a long 
period of technical learning are required.

The mesh depicted in Figure 10 was created using 
the boundary layer meshing technique, a professional 
routine available from COMSOL which automatically 
comprises 285516 elements and 147023 mesh vertices at 
a test frequency of 640 kHz, and was applied to each 
core conductor, considering the material’s conductivity 
and the complex skin-effect layer-thickness (δ) approxi-
mated as Dommel (1986); Noda et al. (2008); Ametani 
(2015b):

							     
	 (10)

Where Ω⋅m is the conductor material resistivity and f 
(Hz) is the oscillating system frequency. 

The magnetic field intensity distribution of each 
conductor phase of the cable was obtained by energi-
zing the three cores simultaneously with a 1 V p. u. Po-
tential. In this case, the return current is negative, and 
its magnitude equals the sum of the three core circula-
ting currents.

Figure 9. 3D graphical layout view of the bitmap image of the 
segmental cable. 

Figure 10. Automatically mesh generated with FEM and the 
boundary layer meshing routine available in COMSOL with 
285516 triangular elements for the electrical segmental cable in 
Figure 8.

Figure 11 shows the uniform distribution of current 
density in the core and sheath of the segmental cable. At 
a very low frequency, such as 6 Hz, the current flows 
homogeneously through the core of the cable, and the 
skin effect is not visible. The same behaviour is obser-
ved in the sheath. At an operating power frequency of 
60 Hz, a slight concentration of current becomes noti-
ceable at the periphery of the conductors. The onset of 
the skin effect is subtle, as the current density is slightly 
higher at the outer edge. At 6 kHz, the proximity and 
skin effects are more evident. The current is concentra-
ted in a thin region of the conductor because the inte-
rior of the conductor does not carry current due to the 
skin effect. A pattern is also observed in the current 
density: It is zero in the centre of the cable due to the 
proximity effect caused by the 120° symmetrical distri-
bution of the three conductors within the cable. These 
two effects contribute to greater losses due to increased 
resistance and affect temperature dissipation and the 
cable’s inductive effect.
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Figure 11. Surface current density distribution in a segmental 
three-phase shielded cable: comparison of frequency effects and 
skin effect at: a) 6 Hz, b) 60 Hz, and c) 6 kHz.

Figure 12 shows the distribution of magnetic flux den-
sity at a frequency of 60 kHz as simulated using COM-
SOL. As can be seen in the figure, the shape of the core 
conductors and their 120-degree arrangement limit the 
magnetic flux density to the outer edges of the three 
wires, causing it to decrease toward the shielding. This 
behaviour is produced by the combination of the skin 
effect and the proximity of the core conductors.

Figure 13 shows the loop resistances and inductan-
ces for the self and mutual components between the 
cores and the sheath of the segmental cable, applying 
the proposed scaling technique and the shape error 
compensation between the square and the circular sha-

pe subconductor formulas validated with FEM using 
COMSOL (Padilla, 2017).

Figure 12. Magnetic flux density distribution at 60 kHz obtained 
with FEM using COMSOL (Yin & Dommel, 1989; Modi et al., 
2024).

Figure 13. Loop impedance validation formed between the 
core and sheath of the segmental cable shown in Figure 8 as a 
function of the frequency. a) Resistances and b) Inductances.

The increasing magnitude behaviour of the loop-resis-
tance curves along frequency in Figure 13a is due to the 
effective area reduction of the current density accor-
ding to the skin and proximity effects, while the decrea-
sing magnitude of inductance with frequency in Figure 
13b is due to the reduction in magnetic flux as the effec-
tive area of the conductor decreases (Lucas & Talukdar, 
1978; Graneau, 1979; Rivas & Marti, 2002; Padilla, 2017). 
It can be seen from Figure 13 that the conductor subdi-
vision method for circular and rectangular (pixel) sha-
pes and the FEM-based results are in good agreement 
for self and mutual resistances and inductance compo-
nents.

The corresponding relative errors for the self and 
mutual-loop impedance components for seven diffe-
rent frequencies arbitrarily chosen are given in Tables 3 
and 4, respectively. The relative errors between both 
sets of curve impedances were calculated with the rela-
tive error function in (9).

The computational processing times required for es-
timating the R and L parameters for each frequency are 
approximated and shown repeatedly in Tables 2 and 3, 
for each case of self-impedance or mutual-impedance, 
respectively, as the COMSOL program solves the inte-
gro-differential equations of electromagnetic theory to-
gether for each pair of parameter sets.

a)

b)

c)
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These processing time records will depend on the 
type of computer used, the operating system running, 
and the type of processing, cores, and memory capacity 
assigned to perform the simulation in COMSOL exclu-
sively.

The COMSOL simulation developed in this study 
was run on a desktop PC with an AMD64 Family 21 
Model 101 processor with one socket and four cores. 
The simulation utilized 16 GB of available RAM, 5 GB 
of physical memory, and 5.3 GB of virtual memory. 

The total solution time required to estimate the elec-
trical parameters R and L of the segmental cable study 
in COMSOL, using seven frequency samples shown in 
Tables 3 and 4 within the range of 6 Hz to 640 kHz, was 
approximately 1,495 seconds (almost 25 minutes per 
case). This reflects the model’s complexity due to the 

fine mesh and the variety of materials used as conduc-
tors and dielectrics. Such times are typical when see-
king an accurate simulation of frequency-dependent 
parameters, mutual inductances, or field distribution in 
multi-conductor configurations.

The results shown in Tables 3 and 4 confirm the ac-
curacy of the method proposed here as a scaling factor 
with circular or square shape correction with respect to 
the FEM method using COMSOL as validation. The 
maximum relative percentage error was obtained in the 
estimation of the inductive component in the mutual 
impedance loop with a value of 3.561 %. Since the fre-
quency study range is considered wide, from 6 Hz to 
640 kHz, this error value can be considered very low. 
This error occurs in the power frequency component of 
the electrical network.

Table 3. Relative errors between the proposed method and fem for the self-loop impedance of the segmental cable for a resolution of 
46 sub/in.

Parameter f (Hz) FEM Processing time (s) Scaling technique Processing time (s) ε%
rel  

 
 

R (Ω/km)

6 0.00284 42 0.002839 46 0.039719

60 0.00285 67 0.002849 62 0.030065

600 0.002967 78 0.002968 84 0.042023

6k 0.003535 105 0.003557 92 0.632206

60k 0.005088 110 0.005053 101 0.690415

600k 0.014731 129 0.014332 136 2.708455

640k 0.015226 204 0.014781 174 2.924796

 
 

L (mH/km)

6 2.31E-07 42 2.35E-07 51 1.910963

60 2.18E-07 67 2.24E-07 62 2.400467

600 1.55E-07 78 1.58E-07 84 2.354003

6k 1.18E-07 105 1.21E-07 92 2.357915

60k 1.03E-07 110 1.05E-07 101 2.376004

600k 9.76E-08 129 1.00E-07 136 2.698865

640k 9.75E-08 204 1.00E-07 174 2.709231
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Although the differences in processing time bet-
ween the method proposed here and those obtained 
with COMSOL FEM are not very different, as expected, 
there is the possibility of reducing them even further in 
the proposed method by using a different operating 
system platform, such as Linux (Ubuntu).

Conclusions

This paper presents the scale factor method with shape 
correction in circular and square subconductors, which 
is accurate and relatively fast for estimating the electri-
cal parameters R and L of coaxial and segmental cables 
for underground electrical power transmission and dis-
tribution. For the case study of coaxial cables, the re-
sults obtained from the method proposed here were 
compared with a version of the subconductor partitio-
ning method implemented here (De Arizon & Dommel, 
1987), and for the case study of segmental cables, it was 
validated with the FEM method using the professional 
simulation program COMSOL. For the coaxial cable es-
timate, the maximum relative percentage error is less 
than 6 %, while for the segmental cable, the maximum 
relative percentage error is less than 4 %. With regard to 
the processing time for estimating coaxial cable para-
meters, the scaling factor technique proposed here for 
resolutions greater than 10 sub/in is at least an order of 
magnitude faster than the version of the conductor sub-
division method implemented here (De Arizon & Dom-
mel, 1987). With regard to the processing time required 
by COMSOL for parametric estimation, the difference 
is small, but it is slightly favorable for the technique 
proposed here. With this, the challenge of improving 

the numerical implementation of the scaling technique 
may be an open issue for programmers in operating 
systems and computationally efficient programming 
languages.

Nomenclature

ω angular frequency (in rad/s)
µ0 magnetic permeability of vacuum (H/m)
σ electrical conductivity (S/m)
rn resistivity of a conductor material “n” (Ω·m)
εn dimensionless relative permittivity of a mate-

rial “n” 

D distance between conductors (m)
p complex Skin Effect layer thickness 

p = 1 / √(jωµ0σ)
δ real depth of the Skin Effect layer thickness  

δ ≈ 503 · √(r/f)

Ai cross-section of conductor “i”
h cable heigth (m)
sf downscaling factor
rn underground cable core radius (m)
l conductor length (m)
s Laplace complex variable
Z series-impedance (p.u.l)
R resistance (p.u.l)
L inductance (p.u.l)
Y shunt-admittance (p.u.l)

Table 4. Relative errors between the proposed method and FEM for the Mutual-loop impedance of the segmental cable for a resolution 
of 46 Sub/in.

Parameter f (Hz) FEM Processing time (s) Scaling technique Processing time (s) e%
rel  

 
 

R (Ω/m)

6 0.00278 38 0.002781 52 0.039297
60 0.00278 76 0.002782 63 0.03573

600 0.00278 88 0.002783 74 0.001852
6k 0.00270 95 0.002699 82 0.221935

60k 0.00284 110 0.002875 94 1.015144
600k 0.00772 123 0.007758 115 0.446325
640k 0.00798 217 0.007956 183 0.329252

 
 

L (H/m)

6 3.93E-08 38 3.94E-08 52 0.20384
60 3.77E-08 76 3.90E-08 63 3.561305

600 3.36E-08 88 3.39E-08 74 0.818055
6k 3.59E-08 95 3.61E-08 82 0.659637

60k 3.80E-08 110 3.85E-08 94 1.362527
600k 3.59E-08 123 3.60E-08 115 0.234113
640k 3.59E-08 217 3.60E-08 183 0.222434
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G conductance (p.u.l)

C capacitance (p.u.l)
V voltage (V)
I current (A)
Ncond total number of conductors 
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