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Abstract

This paper presents a robust stability analysis of a Proportional-Integral Posicast (Pl-Posicast) controller applied to a second-order
underdamped system with parameter uncertainty. Unlike conventional frequency-domain methods, which provide only relaxed
stability conditions, the proposed approach employs Lyapunov-Krasovskii functionals in the time domain to explicitly account for
parameter uncertainty. This methodology enables the derivation of conservative robustness bounds that guarantee exponential stabi-
lity even under perturbations in the plant parameters. The results demonstrate that the time-domain analysis offers stricter and more
reliable robustness guarantees than frequency-domain techniques, ensuring system convergence within well-defined uncertainty li-
mits. Numerical examples validate the theoretical findings and confirm the superior capability of time-domain analysis in handling
uncertainty using the Pl-Posicast controller.
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ROBUSTNESS ANALYSIS OF A PI-POSICAST CONTROLLER FOR SECOND-ORDER LTI SYSTEMS WITH PARAMETER UNCERTAINTY USING LYAPUNOV-KRASOVSKII FUNCTIONALS

INTRODUCTION

Time delays are inherent in many natural and enginee-
red processes. They arise whenever signals, matter,
energy, or information require a finite time to propaga-
te, leading to phenomena such as instability, oscilla-
tions, and measurement noise. Examples span a wide
range of domains, including social, technological, elec-
tronic, communication, biological, biomedical, robotic,
and mechatronic systems, where delays may occur at
the input, output, or both stages of transmission and
reception. These effects can degrade overall system per-
formance.

To address these challenges, control theory has de-
veloped dedicated tools for systems with delays. Clas-
sical studies focused on combustion processes, electrical
networks, and communication channels (Bellman &
Cooke, 1963; Cook, 1962, 1966). Subsequent research
advanced the design of controllers that explicitly ac-
count for delays to preserve plant stability (Cooke &
Grossman, 1982; Cooke & Turi, 1994; Fridman, 2014;
Gun et al., 2003; Gu et al., 2005). Techniques such as ac-
curate variable measurement and filtering have been
central to mitigating disturbances and oscillations
(Hung, 2003, 2007; Krasovskii, 1956).

Two complementary frameworks dominate the sta-
bility analysis of delayed systems: the frequency-do-
main approach and the time-domain approach (Bellman
& Turi, 1994; La Salle & Lefschetz, 2012; Louisell, 1998;
Neimark, 1949; Niculescu, 2001; Ramirez et al., 2015a,
2015b, 2017). Within the time-domain tradition, the Po-
sicast filter has proven particularly effective for dam-
ping oscillations in underdamped second-order
systems with delays. Pioneering studies demonstrated
that when the damping coefficient is less than one, the
Posicast compensator can suppress oscillatory pheno-
mena despite the presence of infinitely many stable ze-
ros (Razumikhin, 1956; Smith, 1957; Spiegel, 1965).
Smith (1957) modeled a servomechanism to illustrate
Posicast design and stability, while Spiegel (1965) ex-
tended the discussion by combining an integral contro-
ller with frequency-domain analysis. Although
powerful, the classic Posicast strategy remains essentia-
lly open-loop, and subsequent proposals have explored
its integration with PID control to enhance robustness.

In parallel, Lyapunov-based methods provide a
broader theoretical foundation for stability analysis.
The Lyapunov direct method addresses delay-free sys-
tems, whereas the Lyapunov-Krasovskii and Lyapu-
nov-Razumikhin approaches incorporate explicit time
delays. These methods yield conditions for asymptotic
stability even under time-varying perturbations (Razu-
mikhin, 1956; Vranci¢ & Oliveira, 2012), building on

foundational results by Bellman & Cooke (1963) and
Zubov (1961). More recent developments include com-
plete-type Lyapunov-Krasovskii functionals tailored to
proportional retarded systems (Villafuerte et al., 2010,
2012; Kharitonov, 2012; Ojeda et al., 2025).

Motivated by these advances, this work investigates
the robustness of delayed systems within the Lyapu-
nov-Razumikhin framework and proposes a PI-Posi-
cast controller. By combining a Proportional-Integral
teedback loop with a Posicast compensator, the contro-
ller stabilizes underdamped systems while enhancing
robustness against constant disturbances. Using
o-stability criteria, the approach establishes bounds on
unknown or time-varying perturbations under which
the system remains asymptotically stable, providing a
rigorous foundation for the design of controllers resi-
lient to delays and uncertainties.

A PI-Posicast controller combines a Proportional-In-
tegral (PI) feedback loop with a Posicast compensator,
distinguishing it from traditional Posicast controllers. Its
key feature is the ability to stabilize underdamped sys-
tems while enhancing robustness against constant dis-
turbances, achieving zero steady-state error. Unlike
conventional approaches, it is designed using modern
o-stability criteria, providing a rigorous framework for
stability analysis and effective disturbance rejection.

MOTIVATION FOR A TIME-DOMAIN ROBUSTNESS STUDY:
PI-PosicAsT CONTROL OF
SECOND-ORDER SYSTEMS WITH UNKNOWN PERTURBATIONS

In many engineering systems, the presence of time de-
lays and uncertainties makes the design of robust con-
trollers particularly challenging. Proportional-Integral
(PI) Posicast control has proven effective for attenua-
ting oscillations in second-order systems with delays;
however, its performance is most often evaluated
through frequency-domain analysis. While frequency-
domain techniques are valuable for assessing stability
and steady-state behavior, they provide only limited
insight into the magnitude and dynamic influence of
unmodeled parameters or uncertainties.

These limitations motivate the development of a ti-
me-domain methodology capable of describing the full
transient evolution of the system and capturing the real
impact of parameter uncertainty. A time-domain pers-
pective also enables the determination of explicit ro-
bustness bounds, revealing the maximum disturbance
level the system can tolerate without losing stability.

This work therefore presents a robustness study of a
second-order system controlled under parameter un-
certainty using a PI-Posicast strategy, within the Lya-
punov-Razumikhin framework. By shifting the analysis
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from the frequency domain to the time domain, the
proposed approach overcomes the limitations of classi-
cal frequency-based evaluations and provides explicit
criteria for designing delay-tolerant controllers that re-
main stable under uncertain and time-varying pertur-
bations.

In this study, the Proportional-Integral Posicast (PI-
Posicast) controller, a type of delay-based control, is
analyzed (Zaldivar & Ojeda, 2023). The controller is
applied to a second-order linear time-invariant (LTI)
system and consists of a Posicast compensator in cas-
cade with a Proportional-Integral (PI) feedback loop.
The system has been evaluated in the frequency do-
main using D-partition and o-stability methods. A key
advantage of this controller is its ability to maintain ro-
bustness when system parameters are subject to pertur-
bations.

For the design of the robust PI-Posicast controller, a
sub-damped second-order system is used, with para-
meters within a specified range 0 < (<1, along with the
Smith Posicast controller previously described. The
goal is to validate that the PI-Posicast controller, in con-
trast to the standalone Posicast controller, offers impro-
ved robustness-specifically, the ability to mitigate the
effects of constant external disturbances applied to the
system. The PI-Posicast controller is defined as follows:

ki 1 A —sh
U(S):|:kp +S:H:1+A+(1+A]€ :| (1)

Where:

k, = proportional gain

k; = integral gain

A=maximum overshoot given from response of the un-
derdamped second-order system with natural period
of the system’s response to a step input and finally,

h = delay defined as a function of the natural period

The robustness of the controller is mathematically vali-
dated using the final value theorem (Zaldivar & Ojeda,
2023), which allows estimation of the steady-state out-
put of the underdamped second-order system under
the action of the PI-Posicast controller when subjected
to external disturbances. This analysis involves deter-
mining whether the system can reject constant or slowly
varying disturbances and return to a stable equilibrium.

Specifically, perturbations are introduced into the
system, either as step disturbances or parameter uncer-
tainties, and the behavior of the output signal is exami-
ned. By applying the final value theorem in the Laplace

domain, it is possible to predict whether the system
output converges to a finite value or diverges.

In addition, a frequency-domain approach is em-
ployed to assess how the controller handles disturban-
ces across a range of frequencies. This includes
analyzing the sensitivity function and the complemen-
tary sensitivity function, which provide insight into the
system’s ability to attenuate disturbances and maintain
performance despite uncertainties.

The complete control scheme, including the interac-
tion between the plant, the PI-Posicast controller, and
the disturbance inputs, is illustrated in the block dia-
gram in Figure 1. The diagram highlights the feedback
and feedforward paths used to achieve robust perfor-
mance.

PI control

Second-order system

Posicast filter

] Y(s)

s +28w,s + @)

Figure 1. Block diagram for the Robust PI-Posicast controller.

The system employed is the second order in terms of
the damping coefficient parameters determined in the
range 0 < C <1 and w, the natural frequency. The trans-
fer function corresponding to the PI-Posicast control
diagram shown in Figure 1 is given by:

G(s) :(k" +sk”sj(k+(1— k);;“‘”)[“’*f ]

s’ +260,s+ 0

k +k,s a ?
G(s):( - ](k+(1—k)e )[SZH;’MJ:

ok, + o)k, (1-k)e™ + a)jkkps + a)nzkp (1-k)se™

s(s2 +2§a)ns+a)j)

G(s)
1+ G(s)
dering and grouping the terms, we have equation 2:

Obtaining the closed-loop transfer function , Or-

Y(s) _
R(s) 2
ok (1-k)e™" + ok, (1-k)se™ + 2 kk s + o, kk,

s +260,5" + (0, + 0k, )s + 0, Kk, + 0,k (1-k)e™ + ok, (1-k)se ™

1
Where k=m. To analyze the robustness of the se-

cond-order system with a PI-Posicast controller in the
presence of parameter uncertainty in the plant, C and w,
values of the proportional and integral gains of the ex-
ternal control loop are selected within the stability
region.
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Subsequently, a stability map is generated in the para-
meter space (C, w,) . This map allows for the identifica-
tion of the range of values C and w, for the system
parameters and control gains that ensure closed-loop
stability under the given tuning. It is worth mentioning
that these limits pertain to uncertain but constant para-
meters. The characteristic quasipolynomial of the clo-
sed-loop system (2) is:

Pu(s.k, k) =5 +260,5" + o5+ o, (1-k)e™ +k)(k, +sk,)
3)

Using the D-partition method, the range of values
(¢, w,) for which the second-order plant with the PI-
Posicast controller remains stable is determined.

The stability boundaries are described by the fo-
llowing equations. First, when s = 0 is substituted into
the characteristic quasipolynomial (3) and equated to
zero, the following expression is obtained:

P 0.k, k) =(2k -1) 0,k =0 4)
Solving the previous equation for w, gives:
w, =0 ®)

and therefore, equation (5) defines the first stability
boundary and delimits the crossing of a real root from
a stable to an unstable zone.

On the other hand, when s = jw substituting in equa-
tion (3) and separating the real part from the imaginary
part and equating both parts to zero, we obtain:

Re{p, (jo.k,.k)} = ©
o, (@k ((k=1)cos (ho)+ k) +o((k~1) ok, sin (ho) - 2¢w))
Im{p, (jo.k,.k)} = -
N (a)k,, ((k—l)cos(ha))+k)—(k—1)ki Sin(ha)))_af + o

Obtaining C from equation (6) implies:

o, (ki ((k=1)cos(hw)+k)+(k-1) ok, sin(ha))) @®
¢= 2
20

and w, from equation (7):

3/2
@

o =t )
\/—(k—l)k,. sin (ho)+ ok, ((k-1)cos(ho) +k )+

Equations (5), (8), and (9) describe the stability bounda-
ries that divide the parametric space into stable and
unstable regions. Figure 2 illustrates the stable parame-
tric space, where the point (w,, C) and the point (1, 0.2)
is selected. It is observed that the system is stable, as its
roots are located in the left half of the complex plane.

051

-0.5

Figure 2. The stable zone of the parametric space (w,, C) using
the parameters k, = 0.1810, k; = 0.2742125, h = 3.2064 and
k = 0.6550, where x are the stable roots.

Figure 3 shows the system’s output y (t). It can be obser-
ved that the output of the system with the PI-Posicast
controller converges to the reference more slowly com-
pared to the output of the system with the Posicast con-
troller in closed loop. The main advantage of this tuning
is that the transient response exhibits no oscillations.

1.2 T T T T T T T T T

08

0.6

Output Pi-Posicast y(t)

04 r

021

0 2 4 6 8 10 12 14 16 18 20
Tiempo (segundos)

Figure 3. Output of system using PI-Posicast with k, = 0.1810,

k; = 0.2742125, h = 3.2064, k = 0.6550, w, = 1 and

C=0.2.
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Graphically, it can be observed that the values of C and
w, can be disturbed in the ranges 0.1308 <( <1 and w,>
0.2520, while the closed-loop system maintains its sta-
bility.

Consider the following PI-Posicast controller para-
meters 1 =3.2064, k=0.6924, k,= 0.1810, k,=0.2742125
and let the nominal system parameters (2) insert para-
meter uncertainty in order to study the effects of these
perturbations on the output of the closed-loop system.

In Figure 4, it can be observed that when the system
parameter (2) are inserted uncertainties, the output du-
ring the transient period exhibits an overshoot as the
disturbance increases. However, the output eventually
converges to reference due to the integral action of the
PI-Posicast controller.

ES)
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>

0]
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88
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-
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Figure 4. Output of the underdamped second-order system with
Pl-Posicast controller for AC e [- 0.004, 0.004] and w, constant
parameters.

Figure 5 shows that the output of system (2) converges
to the reference value even in the presence of parameter
uncertainty. However, during the transient period, os-
cillations are observed, which are not present in the
output of the undisturbed system.

It is concluded that, when parameter uncertainties
are present in the system with the PI-Posicast controller
(Figure 1), the steady-state error remains unaffected
and converges to zero. However, the presence of uncer-
tainty introduces robustness limits that define a boun-
ded region in the parameter space. Within these limits,
the closed-loop underdamped second-order system re-
tains stability, ensuring that the system states converge
to their equilibrium points despite variations in the
plant parameters. This confirms that the PI-Posicast
controller preserves zero steady-state error while pro-
viding robustness against parameter uncertainty up to
a defined threshold.

=
E
=
)
[
>
[
= D
O =
g
[0
v O
° S 0.8
=
o <
238
o 061
as
E®
g D‘: i | - - - Reference ]
Sa : Outputs with perturbances
s B Ao,=0
) A= 0.5
2 o2t W Ao,=0.5
kS B Ao=2
5 W Ao=>5
= n
=3
Qo

0 2 4 6 8 0 12 14 16 18 20
Time (seconds)

Figure 5. Output of the underdamped second-order system
with PI-Posicast controller for C constant and Aw, € [-0.0.021,
0.021].

The study of robustness in delayed feedback control
systems is crucial for ensuring reliable performance un-
der parameter uncertainty. According to Kharitonov
(2012), frequency-domain methods provide less conser-
vative stability conditions, allowing for larger allowable
delays, but may not fully guarantee robustness against
unknown perturbations. In contrast, time-domain ap-
proaches based on Lyapunov-Krasovskii functionals,
while more conservative, ensure robust stability even
in the presence of parameter uncertainty and varying
delays.

Motivated by this trade-off, this work focuses on
evaluating robustness levels for a closed-loop under-
damped second-order system controlled by a PI-Posi-
cast controller, using Lyapunov-Krasovskii functionals
to obtain guaranteed stability bounds under parameter
uncertainty. The choice of a Lyapunov-Krasovskii fra-
mework is justified by its ability to provide rigorous
robustness guarantees, which is particularly important
for systems with uncertain dynamics and delayed fee-
dback.

In summary, the PI-Posicast controller exhibits ro-
bust performance by ensuring zero steady-state error
even in the presence of parameter uncertainties. The
robustness analysis, based on Lyapunov-Krasovskii
functionals, establishes conservative yet reliable stabili-
ty boundaries, defining the conditions under which the
closed-loop underdamped second-order system con-
verges to its equilibrium state despite parameter varia-
tions.
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ROBUSTNESS LEVELS FOR A CLOSED-LOOP UNDERDAMPED
SECOND-ORDER SYSTEM BY PARAMETER UNCERTAINTY WITH
A PI-POSICAST CONTROLLER OBTAINED USING LYAPUNOV-

KRASOVSKII FUNCTIONALS

A robustness limit for a system with delay (Kharitonov,
2012) refers to the maximum level of parameter uncer-
tainty that the system can tolerate without compromi-
sing stability. In this section, robustness levels are
determined by analyzing disturbances in both the no-
minal and perturbed system parameters (Figure 1) in
the time domain. This approach quantifies the extent of
perturbation the system can withstand before the clo-
sed-loop system loses stability. Additionally, Kharitonov’s
method is particularly useful in the presence of para-
meter uncertainty, as it provides a framework for
analyzing the system’s behavior under worst-case sce-
narios, ensuring stability even in the presence of unmo-
deled disturbances or unforeseen parameter variations.

This study provides sufficient conditions that gua-
rantee the closed-loop stability of the system under para-
metric perturbations. Therefore, the approachisinherently
conservative and does not necessarily determine the true
maximum tolerable disturbances. In other words, the ti-
me-domain analysis based on Lyapunov-Krasovskii
functionals does not yield exact robustness limits; ins-
tead, it establishes sufficient conditions that ensure sta-
bility under parameter variations. Consequently, the
results are conservative, guaranteeing stability even in
worst-case scenarios but not necessarily capturing the
system’s true maximum robustness margins.

By evaluating the system’s response to parameter
uncertainty, the stability boundaries can be identified,
providing insights into the resilience of the system un-
der uncertain conditions. This method also highlights
the critical parameters whose variations most signifi-
cantly affect system stability, enabling targeted design
improvements to enhance robustness. Ultimately, the
objective is to determine the permissible range of dis-
turbances that maintains system performance while en-
suring that the system remains stable and converges to
its equilibrium state. By applying the inverse Laplace
transform to the characteristic equation (2), the fo-
llowing differential equation is obtained:

30+ 260,500+ (@, + @lkk, ) 3(0) + 0}k k y(e) +
Opk (1=k)y(t=h)+ &k, (1= k) (=) (10)
:wfklkpr'(t) + wjkllqr(t) + wjk[ (I=k)r(t=h)+ wfkp(l —k)i(t=h)

For the regulation problem, a constant reference r(t) =r,
t > — h is considered, where both the instantaneous and

delayed derivatives of the constant reference are zero.
Consequently, the delayed values of the reference are
equal to r, and the equation above reduces to:

(1) + 260,50 + (@, + o}k k, ) 3(0)+ @)k k y(r) +
ok (1-k)y(t-h) +a)fkp(1 ~k)y(t—h)= wfklkpr + (11)
o’k (1-k)r.

The error is defined as:

e()=r-y(1) (12)
This implies that:

y(t)y=r—e(r) (13)
() =—e() (14)
V(1) =—e(0) (15)
V() =—e@) (16)

Substituting equations (13), (14), (15), and (16) into the
differential equation (10), we obtain the differential
equation (17) of the closed-loop system associated with
the error:

E(0+260,0()+(o, + Q)kk, )e() + @)k ke () + wlk,

(I-k)e(t-h)+ak (1-k)e(t—h)=0 17)

n"p

Defining the states x(¢) = [E(t) e() ?(t)}f it has the fo-
llowing class of systems with time-varying perturba-
tions:

©(t) = Ax(t) + Ax(t—h), t>0

(18)
X0)=p(6), 0e[-h,0]
Where the matrices A, A, are:
0 1 0
4,=| 0 0 1 (19)
_a)/fklki _wf (1 + klkp) _2§wn
0 0 0
4= 0 0 0 (20)
~ok(-k) ok, (1-k) 0
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To calculate the equilibrium point x* () = [x,* () x,* (t) x,°
()]" of the state representation of the error equation, it
is observed that for systems with delays, at equilibrium,
the delayed and instantaneous variables reach the same
value x * (t), and the derivative is zero. The equilibrium
point is presented in the following system:

0 0 1 BN )
0l=| o0 0 1| x0)
0] |-wikk -o}(+kk) -2o,||x0)
(21)
0 0 0[x @)
+ 0 0 IENG)
ok (1-k) —ok,(1-k) 0]| x()
So:
x,(1)=0 (22)
X()=0 (23)
3k (1) =0} (1+k,)x, (1) = 26,5, (1) = 0 (24)

Then, the only equilibrium points of the closed-loop
system associated with the error given by:

x| [0
(0 |=]0 (25)
x| |0

It is considered that the closed-loop system described
here presents perturbations to the parameters (, w,, res-
pectively. Given AC, A w, € R such unknown perturba-
tions; then the matrices A, and A, can be rewritten in
terms of their perturbations as follow:

4=

0 1 0
0 0

(0, +(80,)) kk, (@, +(Aw,)) (1+kk,) ~2(¢+(A))(, +(Aw,))
A, = A, + A, (26)

Where:

A=

kk [(zwn (Aa,)+ (o, ))2} ~(1+kk,)(20, (A0, )+(80,)]  (27)

0
0

2[¢(80,)+ 0, ()] + (A0, +(40,))

And:
0 0 0
71 = 0 0 0
2 2
~(@, +(80,)) k(1-k) —(@, +(de,)) k,(-k) 0
(28)
A = A4, + A,
With:
0
A = 0
(29)

(20, (40,)+(80,)" )k, (=) 0

The terms A and A, represent unknown matrices con-
taining the parameter uncertainty. In summary, the
perturbed system with PI-Posicast control loop is re-
presented as follows:

X(0) = (A + A)x(@) + (A +A)x(1=h)
(1) = (4)x(0) + (A)x(t = h) (30)

Where the equation (30) contains AC, Aw, € R, such un-
certainties with:

1A, < p, (31)
1A, < p, (32)
A, and IIA, llare the induced norms of the matrix with
uncertainties A, and A, and p, and p, € R".

The following lines detail the stability test in the
time domain using the full-type functional with the
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closed-loop system (30). First, a corollary is presented
that establishes a condition on the derivative of the full-
type functional along the trajectories of the perturbed
system (30). Then, analytical expressions are determi-
ned for the robustness bounds p, and p, of the uncer-
tainty matrices (27) and (29).

Corollary (Kharitonov, 2012). The derivative of the
full type functional along the trajectories of the system
with uncertainty parameters (30) is of the form:

%vc (1) = =x" (OW,x(t) = x" (t.— W)W, x(t — h)

[ 57 @W,x(0d0" +2[ A1) + xte - )] L)

t=h

Where:

L(x,) = U(0)x(t) + j U(—h—6 +1)4x(0)do

t=h

Proof. It defines each term of the full-time functional as
follows:

v.(x,) =G (x,)+ G, (x,) + Gy (x,) + G, (x,)
Where:

G (x,) =x" (DU (0)x(1)

G, (x,)=2x" (1) j U(-h—0)Ax(t+0)dO

G,(x,) = ij(zw])A,T[jU(e] -6, )A,x(zwz)awz}m1

—h

G,(x)= ij(Heq)[Wl +(h+OW, ] x(1 + 0)do

A lemma from Kharitonov (2012) is used, where it is
observed that the derivative of the full-type functional
along the trajectories of the perturbed system (25) is gi-
ven by:

%G, () =" (O[U©)4, + ATU(©0) |x(1) + 2" (WU (0) A x(t ~ )
+2x" (U (0)A,x(2) + 2x" (YU (0)A x(t — h)

%Gz (x,) = 2x" (YU (=h) A, x(t) - 2x" (YU (0) A, x(t — h)

+2x7 (z)j U't—h—0"4,x(0")do"

t—h

22" () 4] [ U(=h=0'+0)A4x(0)d0"+2x" (¢ - )

t—h

AT j U(t—h—-0Y4,x(0")d6"

t=h

25" (OA] [ U(=h=0'+1)4x(0)d0"'+2x" (t—=A] [ U

t—h t—h

(t—h—0")4x(6d6"

%Q (x)=2x" (1) A" f U(t—0)A4x(0)d0' - 2x" (t — h) A" j U
~h =h
(t—h—0Y4x(6")d0"
d

G,(x)= xr(t)[Wl +th]x(t)—xT(t—h)Wlx(t—h)— j x"

t—h

dt
(0YW,x(0")do"

Ordering like terms:

v,(x) = X" ([ U0)4, + AU©)+U(=h) 4, + ATU()+W,
+ th]x(t) +{2xT (OU(0) A4, x(t — h) —2x" (1)U (0)

Ax(t—h)}

+ {2% (t-hA" j Ut —h-0)Ax(0)d0"~2x" (t— h) A" j U

t=h t=h

(t—h- 6')A1x(€')d0}

+2xT(t)j. [U'(tfh -OY+U((t—h 70')+U(t70')]Alx(0')d9'
—x"(t=h)Wx(t—h)— j x" (0" YW,x(0")dO'

t=h

£2[Agx(0) + At~ )] | UO)x(r) + j U(~h-0'+1)4,x(6')d0'

t=h
Using the symmetry property and algebraic properties:
U0)4, + ALU)—U(—h)A, + A U(h)y =-W

W=W,+W, +hW,
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Ult—h—0Y=—A (t—h—0)— AT (t—0"

And the theorem from Kharitonov (2012), the derivati-
ve along the trajectories of the perturbed system is gi-
ven by:

%v(, (x,) =—x"(OWyx(t) - x" (t = h)W,x(t —h) - j x"(0"W,x(6")d0"

t=h

—_—

2[Ax(0)+ Ax(t-h)] | UO)x(r)+

1

U(—h—0‘+t)A1x(t9')dt9} (33)

h

The following theorem (Kharitonov, 2012) focuses on
determining analytical expressions that establish con-
ditions for the robustness bounds of the uncertainty
matrices (27) and (29), using the result obtained in the
corollary. It is defined as follows:

vV = max ||U(6’)||,

0<[0.4]

a=|4]

Theorem (Kharitonov, 2012). Let the system be expo-
nentially stable. Given the positive definite matrices W,
W,, and W, then the perturbed system (30) remains ex-
ponentially stable for every parameter uncertainty by
matrix A, A, and I Ajll< p, I A< p, if the following
conditions are satisfied:

Aoin W) 220,V + pyahv + pv (34)
Ain W) 2 PV + prahv 35)
Jon W) 2 pva+ pia (36)

Proof. By obtaining the upper bounds using the coro-
llary and applying the lemma (Kharitonov, 2012), it fo-
llows that:

" @Wox(®)]| < Ao W) 0|

[x" e = Wt = )| < Ay W) |32 = )

< 2, 1) [ (O] a0

t=h

X (0)W,x(0')d0"

Le—~

2|x" (AU O)x(0)| < 2p,7|x(0)|

X (A j U(-h—0"+1)Ax(6")d0"

t=h

[« oy a0

t=h

2 <ap,v

X (1= AT j U(0)x(t)

t=h

)

<o a-nf + ol

(¢ —h)AT j U(=h—-0'+1)Ax(0")d6"

t=h

3]

<apyv

[h"x(t ~h)[ + j @] da'j

t—h
Now:

Ve O S (A () + 29,7 + ahpy7 + pi7 ) [x )]

+(= A W) + pi77 + ahp7) | (2 = )|

(A W) + apyv +apv) j [x@"| a6 <0

t—h

And for the derivative to remain negative, the following
condition must hold:

~Aoin W) +2p,V +ahp,v + pv <0
_ﬂlnin(VI/])+p]‘7+ahpll7S0
—Ain W) +ap, vV +ap v <0

Which implies:
oin W) 2 200V + ahpyV + p,v

A,

‘min

W)z pv +ahpyv

A

‘min

W) zapv +apyv

NUMERICAL RESULTS

In this numerical example, the calculation of the robust-
ness bounds p, and p,; for the parameter uncertainty
matrices Ay and A, of the closed-loop system (25) with a
PI-Posicast controller is proposed, applying Theorem
(Kharitonov, 2012). First, the robustness bounds for the
norms of the perturbed matrices | Ajll and I Al are
calculated according to Theorem. Then, a robustness
condition is determined for disturbances in a parame-
tric space (AC, Aw,). The fixed values for the second-or-
der plant are = 0.2 and w, = 1. Given the previously
tuned PI-Posicast controller parameters h = 3.2064,
k = 0.6550, kp = 0.1810 and k; = 0.2742125, the norms of
the parameter uncertainty matrices (27) and (29) must
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satisfy: k, = 0.2742125. Then, the norms of the parameter
uncertainty matrices (27) and (29) must satisfy:

Aol < 2o (37)
And:
INEP (38)

The matrices A, and A, defined in equations (16) and
(17) are:

0 1 0
4= 0 0 1 (39)
|—0.1796 —1.1185 —0.4

0 10 (40)
4=/ o0 0 0

| —0.0946 -0.0624 0

The matrix W=W,+ W, +hW, >0 is chosen as the iden-
tity matrix for computational simplicity in the calcula-
tion of the Lyapunov matrix, so the matrices W, > 0,
W, >0 and W, >0 are defined as:

01 0 0
W,=| 0 01 0 (41)
0 0 01
07 0 0
w,=| 0 07 0 (42)
L0 0 07
[0.0624 0 0
W,=| 0 00624 0 (43)
0 0 0.0624

For the perturbed system (30) to be stable, conditions 1,
2, and 3 of Theorem (Kharitonov, 2012) must be satis-
fied. Then, using the semi-analytical method outlined
in the definition, the maximum norm of the Lyapunov
matrix U (0) in the interval [0, ] is obtained:

v = max [U©)]=10.3225 (44)

In turn, the norm induced by the Euclidean norm of the
matrix is:

a=|4]=0.1133 (45)

The three conditions of Theorem (Kharitonov, 2012)
yield three inequalities with two unknowns for the up-
per bounds of robustness (equations (31) and (32), res-
pectively). To determine the value of these bounds for
the unknown matrices (27) and (29) that form the per-
turbed system (30), we apply the condition (35). This
allows us to find the upper bound of the norm A, as
follows:

p, =0.003

This indicates that the maximum value of the norm of
the matrix A,, which contains the perturbed parame-
ters AC, Aw,, and must be ||A1 || <0.003. Now, to calcula-
te the robustness bound for matrix A o, We ensure that
conditions (34) and (35) are met simultaneously, then:

p, =0.001

From the above, it can be concluded that the upper
bounds of robustness, denoted as p, and p,, for the
norms of the disturbed unknown matrices Al and
A, II, are given by the calculated values. The parame-
ters I, k, kp, k, C and w, are fixed, which allows us to
obtain the conditions of Theorem (Kharitonov, 2012),
and these conditions are satisfied. Therefore, the per-
turbed system (30) is exponentially stable with the fixed
parameters Al < 0.001 and Al < 0.003. Figure 6
shows the convergence of the states e(t), é(t) and é(t) to
their equilibrium points for the disturbed closed-loop
system (30).

0 5 10 15 20 25
Time (seconds)

é(t)

0 5 10 15 20 25
Time (seconds)

Figure 6. States of the second-order system perturbed with

Robust PI-Posicast controller.
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If a robustness condition is desired in terms of the para-
metric disturbances AC and Aw,, then the expressions of
the matrices A, and A, must be considered in the robust-
ness conditions (31) and (32). By using the induced
norm, we can rewrite conditions (31) and (32) as fo-
llows:

18] = 2 (AT A ) < 3 (46)
1A= A (AT A ) < 47)
The above implies:
40°Am} +8A A, (Ao, +©,)+4AS (Ao, + o, )

+Aw, (Ao, +2,)
+A0, k(A0 +20,) (k(k +k))+2k,) < p; (48)

A, (k=1) (Ao, +20,) (k' +k)) < p} (49)

Although an explicit condition cannot be derived from
equations (48) and (49) that shows the set of values for
the disturbances A6 and Av for which conditions (34),
(35), and (36) are satisfied, it is possible to numerically
determine the region of the parameter space where
equations (37) and (38) are satisfied.

|A | =4.8201x107 < p, =0.003
A, =1.8193x10 < p, =0.001
0 0

Figure 7 illustrates the parameter space (AC, Aw,)where
the system uncertainty parameter (30) remains stable.
The figure highlights a specific ordered pair chosen
within the stability region (AC=0.0002, Aw, =0.0009). By
selecting this point, it is observed that the correspon-
ding values of the matrices A; and A, satisfy the robust-
ness conditions (31) and (32).

This indicates that, for the selected pair of disturban-
ces values, the system preserves exponential stability ac-
cording to the conditions established by Kharitonov’s
theorem (2012). The corresponding matrices are evalua-
ted for this parameter pair, confirming that the system
remains within the stability bounds defined by the ro-
bustness criteria. Consequently, the chosen parameter
space defines the domain of attraction in which the per-
turbed system continues to operate stably despite the
presence of parameter uncertainty.

In Figures 4 and 5, obtained through the frequency-
domain approach, it is observed that the values of the
parametric disturbances for which the closed-loop sys-
tem with the PI-Posicast controller remains stable are
AC € [0, 0.45] and Aw, € [0, 5]. In contrast, Figure 7, ob-

0.06

0.04 |

0.02

-0.02 -

-0.04

-0.06 * : : : - : : : : :
-1 -08 -6 -04 -02 O 02 04 06 08 1
Ad %10

Figure 7. Parameter space (AL, Aw,) that keeps the perturbed
system stable.

tained through time-domain analysis, presents the pa-
rameter space (A(, Aw,) where the closed-loop system
(3.49) remains stable. The figure demonstrates that the
system is stable as long as the values of the parametric
perturbations are within the specified bounds for AC
[-0.0004, 0.004] and Aw, € [-0.021, 0.021].

Comparing the results from both approaches reveals
that the robustness bounds obtained from the time-do-
main analysis, using full-type Lyapunov-Krasovskii
functionals, are significantly more conservative than tho-
se derived from the frequency-domain analysis. This in-
dicates that, while the frequency-domain method
provides more relaxed stability conditions, the time-do-
main approach imposes stricter criteria, guaranteeing a
higher level of stability at the expense of conservative-
ness.

CONCLUSIONS

In this work a Proportional-Integral (PI) control loop
was incorporated to enhance the robustness proper-
ties of the system. This combined PI-Posicast control
strategy aims to improve system performance, parti-
cularly in terms of stability when subject to parametric
uncertainty.

A comprehensive robustness study was conducted
in the time domain using full-type Lyapunov-Krasovs-
kii functionals, focusing on robustness bounds for
additive perturbations in the plant parameters. Unlike
the frequency-domain approach, which provides only
relaxed stability conditions, the time-domain analysis
offers a more rigorous and reliable assessment of sys-
tem robustness under parameter uncertainty. This is
because Lyapunov-Krasovskii functionals capture the
dynamics of delayed and perturbed systems directly in
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the time domain, allowing for stability guarantees that
are stronger and more meaningful in practice.

Furthermore, the robust stability of the PI-Posicast
controller applied in cascade to the underdamped se-
cond-order system was analyzed. It was shown that the
system remains robust to additive disturbances in the
nominal plant parameters, ensuring stability across a
range of uncertainty values. The robustness levels were
calculated, providing explicit bounds that guarantee
closed-loop stability even in the presence of parametric
perturbations. This was achieved by applying Lyapu-
nov-Krasovskii-type functionals, which enabled the
identification of critical uncertainty limits beyond
which the system would lose stability.

Importantly, the analysis indicates that when the
plant parameters approach the calculated stability
boundaries defined by the uncertainty limits, the sys-
tem exhibits a reduced margin of stability. In such ca-
ses, the system’s poles shift closer to the imaginary axis
in the complex plane, reflecting a slower decay rate and
a lower damping ratio. Conversely, when the parame-
ters remain well within the stability region, the poles
are farther from the imaginary axis, resulting in faster
convergence and stronger robustness.

In conclusion, the proposed PI-Posicast controller
not only improves the stability of the underdamped
second-order system but also provides clear robustness
guarantees in the presence of parametric uncertainty.
The results demonstrate that time-domain analysis
using Lyapunov-Krasovskii functionals is superior to
frequency-domain methods, as it ensures stricter and
more reliable stability margins under uncertainty. This
approach highlights the trade-off between conserva-
tism and practical safety, showing that the time-domain
framework is more effective for guaranteeing robust
stability in systems subject to parameter uncertainty.
Future work could explore further refinements in the
controller design to achieve an even better balance bet-
ween performance and conservatism.
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